FIRST DERIVATIVES AND OPTIMIZATION

1. The peaks and valleys we’ve been seeing in graphs are more formally called local maxima and local

minima, respectively. The goal of this problem is to explore the relationship between these local extremes
3

and the sign of the derivative. Shown below is the graph y = % — % — 2?41

2

a) Use the graph to estimate the x-coordinates of the one local maximum and two local minima.

23

b) Differentiate y = 73" 2 +1 to find ¢/

c¢) Solve 3/ = 0 for z. You should get three solutions.

d) Make a sign chart for 3 (use the graph above to help).

e) How do the signs of ¢ correspond to the local extremes?

Date: October 21, 2022.
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2. The goal of this problem is to find the local extremes of f(z) = % — 22% 4 3x — 1 without having to
draw a graph.

3

a) Differentiate f(x) = % —22% 4+ 3z — 1 to find f'(z).

b) Solve f’(z) = 0. The z-values you find are called critical values of the function f.

¢) Make a sign chart for f’(x). Hint: the critical values divide the number line into intervals. Evalu-
ating f’(x) at one point in each interval tells you the sign for the whole interval.

d) Interpret your sign chart (according to what you found in 1e) to locate the local maximum and the
local minimum of f(x).

e) Plug the critical values into f(z) to find the y-coordinates of the local maximum and local minimum.
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3. A dog named Elvis (who happens to be very good at calculus)| is on the edge of a lake and his ball is
in the water 8 meters down the shore and 6 meters into the water. The diagram below shows an overhead
view. Elvis can run along the beach at a speed of 3 m/s and he can swim at 1 m/s. Elvis wants to get the
ball as quickly as possible.
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a) First calculate how long it takes Elvis to get to the ball if he swims all the way (diagonally straight to
the ball)? Hint: figure out how far he needs to swim using the Pythagorean theorem (a? +b? = ¢?),
then calculate how long it takes to cover that distance when he swims at 1 m/s.

b) Now calculate how long it takes Elvis to get to the ball if he swims as little as possible. That means
he runs 8m down the beach then swims 6m out to the ball.

c¢) Elvis consistently finds a faster route to the ball by running part way down the beach, then swim-
ming a short diagonal to the ball. Your goal is to find the shortest possible time to the ball.
i) Find a function f(z) for the time it takes Elvis to get to the ball if he runs down the beach
x meters, then swims straight to the ball. Hint: use the Pythagorean theorem to find the
swimming distance as a function of x.
ii) Find the critical values of f: differentiate this function and solve f’(z) =0 for z.
iii) Verify that the value you found for = gives the least time to the ball by making a sign chart

for f'(x).


https://web.williams.edu/Mathematics/sjmiller/public_html/103/Pennings_DogsCalculus.pdf
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Challenge. Biologists have determined that if a fish swims at a speed v through the water, then its energy
expenditure is proportional to v3. Suppose that a hypothetical fish swims a distance of L meters against a
fixed current of u meters per second (think of salmon swimming upstream). The energy expended by the

fish is then I
E(v) = av®
(v) = av (v — u)

where a is a constant determined by the size and shape of the fish. What speed minimizes E?7 (Your
answer will depend on the water speed u).




