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Basics: a = 〈a1, a2, a3〉 b = 〈b1, b2, b3〉 |a| =
√
a21 + a22 + a23

Dot products: projba =

(
a · b
b · b

)
b compba =

a · b
|b|

a · b = a1b1 + a2b2 + a3b3 = |a| |b| cos θ

Cross products: |a× b| = |a| |b| sin θ a× b =

∣∣∣∣∣∣
i j k
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ a× b = 〈a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1〉

Applications: W = F · d τ = r× F Length: L =
∫ b
a |r

′(t)| dt

Unit vectors: T(t) =
r′(t)

|r′(t)|
N(t) =

T′(t)

|T′(t)|
B(t) = T(t)×N(t)

• Gradient vector of F (x, y, z):

∇F (x, y, z) = 〈Fx(x, y, z), Fy(x, y, z), Fz(x, y, z)〉

• Directional derivative of f(x, y) in the direction of unit vector u at (a, b):

Duf(a, b) = ∇f(a, b) · u

• The plane tangent to F (x, y, z) = k at the point (a, b, c):

∇F (a, b, c) · 〈x− a, y − b, z − c〉 = 0

• The plane tangent to z = f(x, y) at (a, b) (linearization of f):

z = fx(a, b)(x− a) + fy(a, b)(y − b) + f(a, b)

• Differential of z = f(x, y) at (a, b):

∆z ≈ dz = fx(a, b)dx+ fy(a, b)dy

• Second derivative test for a critical point (a, b) of f(x, y): D(a, b) = fxx(a, b)fyy(a, b)− [fxy(a, b)]2.

If D > 0 and fxx(a, b) > 0, then f(a, b) is a local minimum;

If D > 0 and fxx(a, b) < 0, then f(a, b) is a local maximum;

If D < 0, then (a, b) is a saddle point;

If D = 0, then the test is inconclusive.



Applications Translations Differentials

A =
∫∫

R dA Rectangular → Cylindrical Rectangular → Spherical dV = . . .

V =
∫∫

R f(x, y) dA x = r cos θ x = ρ sinϕ cos θ dx dy dz

V =
∫∫∫

S dV y = r sin θ y = ρ sinϕ sin θ r dz dr dθ

m =
∫∫∫

S f(x, y, z) dV z = z z = ρ cosϕ ρ2 sinϕ dρ dϕ dθ

x2 + y2 = r2 x2 + y2 + z2 = ρ2

Definitions

Curl (3-d): curlF = ∇× F =

〈
∂h

∂y
− ∂g

∂z
,
∂f

∂z
− ∂h

∂x
,
∂g

∂x
− ∂f

∂y

〉
Curl (2-d): curlF =

∂g

∂x
− ∂f

∂y

Divergence (3-d): divF = ∇ · F =
∂f

∂x
+
∂g

∂y
+
∂h

∂z

Divergence (2-d): divF = ∇ · F =
∂f

∂x
+
∂g

∂y



Theorems

Green’s (general):

∮
C
Pdx+Qdy =

∫∫
R

∂Q

∂x
− ∂P

∂y
dA

Green’s (circulation):

∮
C
F · dr =

∫∫
R

∂g

∂x
− ∂f

∂y
dA

Green’s (flux):

∮
C
F · n ds =

∫∫
R

∂f

∂x
+
∂g

∂y
dA

Stokes’:

∮
F · dr =

∫∫
S

(∇× F) · n dS

Divergence:

∫∫
S
F · n dS =

∫∫∫
D
∇ · F dV

Test for conservative v.f.: F is conservative if and only if curlF = 0

Fundamental theorem of line integrals: if F is conservative, then
∫
C F · dr = ϕ(B)− ϕ(A)

Line integrals

Scalar:

∫
C
f ds =

∫ b

a
f(r(t))

∣∣r′(t)∣∣ dt
Circulation/work:

∫
C
F · dr =

∫
C
fdx+ gdy =

∫ b

a
F(r(t)) · r′(t) dt

Flux:

∫
C
F · n ds =

∫
C
fdy − gdx =

∫ b

a

[
f(r(t))y′(t)− g(r(t))x′(t)

]
dt

Surface integrals

Scalar:

∫∫
S
f dS =

∫∫
R
f(r(u, v)) |tu × tv| dA

Scalar for z = z(x, y):

∫∫
S
f dS =

∫∫
R
f(x, y, z(x, y))

√
z2x + z2y + 1 dA

Flux:

∫∫
S
F · n dS =

∫
R
F · (tu × tv) dA

Flux for z = z(x, y):

∫∫
S
F · n dS =

∫∫
R
F · 〈−zx,−zy, 1〉 dA


