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Use the ideas developed in Exercise 15 to find infinitely many solutions of the initial value problem
Y=y y0) =1

on (—o0, 00).

Consider the initial value problem
’r 1/3 _
Y =3x(y -1, y(xo) = yo. (A)

(a) For what points (x¢, yo) does Theorem 2.3.1 imply that (A) has a solution?

(b) For what points (xo, yo) does Theorem 2.3.1 imply that (A) has a unique solution on some
open interval that contains x¢?

Find nine solutions of the initial value problem
Yy =3x(y-D"3 y0) =1
that are all defined on (—o0, 00) and differ from each other for values of x in every open interval

that contains xo = 0.

From Theorem 2.3.1, the initial value problem
Y =3 =D y0) =9
has a unique solution on an open interval that contains xo = 0. Find the solution and determine

the largest open interval on which it’s unique.

(a) From Theorem 2.3.1, the initial value problem
Y =3x(y =D y@) =7 (A)

has a unique solution on some open interval that contains xo = 3. Determine the largest such
open interval, and find the solution on this interval.

(b) Find infinitely many solutions of (A), all defined on (—o0, 00).

Prove:

(a) If
f(x,y0) =0, a<x<b, (A)

and x¢ isin (a, b), then y = yy is a solution of
V' = f(x,y), y(xo0) = o
on (a,b).

(b) If f and f, are continuous on an open rectangle that contains (xo, yo) and (A) holds, no
solution of y" = f(x, y) other than y = y, can equal yo at any pointin (a, b).

2.4 TRANSFORMATION OF NONLINEAR EQUATIONS INTO SEPARABLE EQUATIONS

In Section 2.1 we found that the solutions of a linear nonhomogeneous equation

Y4+ px)y = fx)
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are of the form y = uy;, where y; is a nontrivial solution of the complementary equation
Y +px)y=0 (2.4.1)

and u is a solution of
/
w'yi(x) = f(x).
Note that this last equation is separable, since it can be rewritten as

’_ S(x)
u = .
y1(x)

In this section we’ll consider nonlinear differential equations that are not separable to begin with, but can
be solved in a similar fashion by writing their solutions in the form y = uy;, where y; is a suitably
chosen known function and u satisfies a separable equation. We’llsay in this case that we transformed
the given equation into a separable equation.

Bernoulli Equations

A Bernoulli equation is an equation of the form

Y+ p@)y = f(x)y", (2.4.2)
where r can be any real number other than 0 or 1. (Note that (2.4.2) is linear if and only if r = 0
or r = 1.) We can transform (2.4.2) into a separable equation by variation of parameters: if y; is a

nontrivial solution of (2.4.1), substituting y = uy; into (2.4.2) yields

w'yr+u(yy + p()y) = f()uy)",

which is equivalent to the separable equation

/

Wy (x) = FO) QiGN W or == f@) ()
since y] + p(x)y1 =0.
Example 2.4.1 Solve the Bernoulli equation
Y=y =xy2 (2.4.3)

Solution Since y; = e¢* is a solution of y’ —y = 0, we look for solutions of (2.4.3) in the form y = ue*,

where

u'e® = xu?e?*  or, equivalently, u' = xuZe”.

Separating variables yields

and integrating yields
1
—— =(x—De* +c.
u
Hence,
1

y=——
(x—1e*+c



64 Chapter 2 First Order Equations

y
2
B S Ny A A )
NV N NN NN S SR L e e et
NNy V& AV R TR A A
SE\Y Y YN N N YT A et
NN AV A A )
NN SRR Fyr/rrjrrr forort
NN e VAN Y RN,
LTIl = D Ay AN A A,
S T T o A F ST
—— e e > — —> > — > =~ >~ A A e ST T
05— — — — — g —~ - =4 o - Pl o e
— > — — =~ —. e — T
0
-

NN TS TS TN T T e e e e — e — — —
i UEUENEENIENIENE NN S e s — — —
AV VR T T T i i Y ~ S e s s -
MR ERERERERERR —_————
NN NN NIRRT —~— P
NN NN '4C2j
NN R Ay
N Y
] NN A
NN o2 AR A AR A A
NN T = A A S
S UR TR TR T T T TR IR TR R T L T T T T S B T 0 0 0 B A S SR
2 15 1 -05 0 0.5 1 15 2

Figure 2.4.1 A direction field and integral curves for y’ — y = xy?

and
1

x—1+4ce™™’
Figure 2.4.1 shows direction field and some integral curves of (2.4.3).

y=-

Other Nonlinear Equations That Can be Transformed Into Separable Equations

We’ve seen that the nonlinear Bernoulli equation can be transformed into a separable equation by the
substitution y = uy; if y; is suitably chosen. Now let’s discover a sufficient condition for a nonlinear
first order differential equation

Y= f(x.y) 2.4.4)

to be transformable into a separable equation in the same way. Substituting y = uy; into (2.4.4) yields

' y1(x) +uyy(x) = f(x, uyi(x)),
which is equivalent to
w'yr(x) = f(x,uyr(x)) —uyj(x). (2.4.5)
If
J G uyi(x)) = q)yy (x)

for some function ¢, then (2.4.5) becomes

u'y1(x) = (q(u) —u)yi(x), (2.4.6)

which is separable. After checking for constant solutions ¥ = ug such that g(u¢) = ug, we can separate

variables to obtain ,

' n®)
qu) —u  yi(x)
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Homogeneous Nonlinear Equations

In the text we’ll consider only the most widely studied class of equations for which the method of the
preceding paragraph works. Other types of equations appear in Exercises 44-51.

The differential equation (2.4.4) is said to be homogeneous if x and y occur in f in such a way that
f(x,y) depends only on the ratio y/x; that is, (2.4.4) can be written as

y' =q(y/x). (2.4.7)

where ¢ = ¢(u) is a function of a single variable. For example,

,_ytxer _y

y == +e ¥
x

and

are of the form (2.4.7), with
qu)=u+e™ and qu) =u?>+u-—1,

respectively. The general method discussed above can be applied to (2.4.7) with y; = x (and therefore
¥7 = 1). Thus, substituting y = ux in (2.4.7) yields

u'x +u=q(u),
and separation of variables (after checking for constant solutions u = u¢ such that ¢(ug) = ug) yields

u’ 1

qu) —u x
Before turning to examples, we point out something that you may’ve have already noticed: the defini-

tion of homogeneous equation given here isn’t the same as the definition given in Section 2.1, where we
said that a linear equation of the form

Y+ px)y =0
is homogeneous. We make no apology for this inconsistency, since we didn’t create it historically, homo-
geneous has been used in these two inconsistent ways. The one having to do with linear equations is the
most important. This is the only section of the book where the meaning defined here will apply.

Since y/x is in general undefined if x = 0, we’ll consider solutions of nonhomogeneous equations
only on open intervals that do not contain the point x = 0.

Example 2.4.2 Solve
, oy txeVx
y =

(2.4.8)
x
Solution Substituting y = ux into (2.4.8) yields
, Ux + xe Ux/x —u
Ux+u=——=u+e ".
x
Simplifying and separating variables yields
u,,’
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Integrating yields e* = In |x| 4 c. Therefore ¥ = In(In |x| + ¢) and y = ux = x In(In |x| 4 ¢).

Figure 2.4.2 shows a direction field and integral curves for (2.4.8).
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Figure 2.4.2 A direction field and some integral curves for y’

X

Example 2.4.3

(a) Solve

(2.4.9)

x?y = y? 4+ xy —x2.

(b) Solve the initial value problem

(2.4.10)

y() =2.

’

=y% +xy—x?

xzy/

t contain x = 0. We can

b}

SOLUTION(a) We first find solutions of (2.4.9) on open intervals that don

rewrite (2.4.9) as

+xy —x?

y2

/

= ux yields

for x in any such interval. Substituting y

u2+u—1,

(ux)? + x(ux) — x2

u'x +u

SO

(2.4.11)

wWx =u?—1.
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By inspection this equation has the constant solutionsu = 1 and u = —1. Therefore y = x and y = —x
are solutions of (2.4.9). If u is a solution of (2.4.11) that doesn’t assume the values 1 on some interval,
separating variables yields

or, after a partial fraction expansion,

1 1 1 , 1
- — u = —.
21iu—1 u+1 X

Multiplying by 2 and integrating yields

u—1
In 1‘:21n|x|+k,
or
u—1
= oky2,
u-+1
which holds if |
u_
= cx? (2.4.12)
u+1
where c is an arbitrary constant. Solving for u yields
1 +cx?
U= —-7.
1 —cx?
y
y
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Figure 2.4.3 A direction field and integral curves for Figure 2.4.4 Solutions of x2y’ = y? + xy — x2,
X2y =y +xy —x? y(1) =2
Therefore )
x(1+cx?)
1 —cx
is a solution of (2.4.10) for any choice of the constant ¢. Setting ¢ = 0 in (2.4.13) yields the solution
y = x. However, the solution y = —x can’t be obtained from (2.4.13). Thus, the solutions of (2.4.9) on

intervals that don’t contain x = 0 are y = —x and functions of the form (2.4.13).



68 Chapter 2 First Order Equations

The situation is more complicated if x = 0 is the open interval. First, note that y = —x satisfies (2.4.9)
on (—o0, 00). If ¢1 and ¢, are arbitrary constants, the function

1 2
x+ax?) <o
y= x(ll_-i—cclx)jz) (2.4.14)
T 0<x<b,
1 —cpx2
is a solution of (2.4.9) on (a, b), where
! if 0 ! if 0
———  if¢; >0, ——  ifey >0,
a= Ja ! and b=1{ /& 2
—00 ifc; <0, 00 ifco <0.

We leave it to you to verify this. To do so, note that if y is any function of the form (2.4.13) then y(0) = 0
and y'(0) = 1.
Figure 2.4.3 shows a direction field and some integral curves for (2.4.9).

SoLuTION(b) We could obtain ¢ by imposing the initial condition y(1) = 2 in (2.4.13), and then solving
for c. However, it’s easier to use (2.4.12). Since u = y/x, the initial condition y(1) = 2 implies that
u(1) = 2. Substituting this into (2.4.12) yields ¢ = 1/3. Hence, the solution of (2.4.10) is

_ x(14x2/3)
 1-—x2/3

The interval of validity of this solution is (—+/3, +/3). However, the largest interval on which (2.4.10)
has a unique solution is (0, /3). To see this, note from (2.4.14) that any function of the form

1 2
x(1+ cx?) 4 <x <0,
y=1 . (11‘+ C;j ) (2.4.15)
Ty 954 O = 33
1—x2/3 <x<V3

is a solution of (2.4.10) on (a, ~/3), where a = —1/+/cif¢ > 0ora = —oo if ¢ < 0. (Why doesn’t this
contradict Theorem 2.3.17)

Figure 2.4.4 shows several solutions of the initial value problem (2.4.10). Note that these solutions
coincide on (0, v/3).

In the last two examples we were able to solve the given equations explicitly. However, this isn’t always
possible, as you’ll see in the exercises.

2.4 Exercises

In Exercises 1-4 solve the given Bernoulli equation.

/ xz
Ly +y=)? BoPymar=g
3. X%y 42y =2el/xyl/2 4. (1+x%)y +2xy =

1+ x2)y

In Exercises 5 and 6 find all solutions. Also, plot a direction field and some integral curves on the
indicated rectangular region.
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5. [C/G]y —xy=x%% {B3<x<32<y=2
1
6 [OG]y -5y =0% (2sxs2-25ys2)
X

In Exercises T—11 solve the initial value problem.

Y =2y =xy3 y(0) =22
Y —xy=xy32, y(1) =4

9. xy +y=x** yl)=1/2
10. y' —2y =2yY2 y0)=1

48x
11. y —4y = IR y(0) =1

In Exercises 12 and 13 solve the initial value problem and graph the solution.

12. X2y +2xy =y, y() =1/2

13. y—y=xyV2 y0)=4
14. You may have noticed that the logistic equation

P’ ' =aP(l —aP)
from Verhulst’s model for population growth can be written in Bernoulli form as
P' —aP = —aaP?.

This isn’t particularly interesting, since the logistic equation is separable, and therefore solvable
by the method studied in Section 2.2. So let’s consider a more complicated model, where a is
a positive constant and « is a positive continuous function of ¢ on [0, c0). The equation for this
model is

P'—aP = —aa(t)P?,
a non-separable Bernoulli equation.

(a) Assuming that P(0) = Py > 0, find P fort > 0. HINT: Express your result in terms of the
integral fot a(r)e?"dr.

(b) Verify that your result reduces to the known results for the Malthusian model where o« = 0,
and the Verhulst model where « is a nonzero constant.

(¢) Assuming that
t

lim e_“’/ a(r)e**dt =L
0

1—>00

exists (finite or infinite), find lim; .o P(?).

In Exercises 15—18 solve the equation explicitly.

2
4 Y+ 2xy
5. y=2"7 16. ) =—73—
X
17. xy’y' =y* +x* 18. v =2 fsec?

X X
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In Exercises 19-21 solve the equation explicitly. Also, plot a direction field and some integral curves on

the indicated rectangular region.

19. |C/G|x%y' =xy+x>+)y% {-8<x<8-8<y<8§
20. [C/G|xyy =x2+2y% {-4<x=<4,-4<y<4

2y2 + x2e~0/®)?
21. |GGy = %y ; {(-8<x<8-8<y<8}

In Exercises 22-27 solve the initial value problem.

2.y = xyx%yz y(=1) =2
8.y = xi;zy L =3

2. xyy' +x2+y2=0, y(1)=2
25. y' = W, y(1) =-1

26. x%y' =2x2+4+y2+4xy, y()=1
27. xyy =3x2+4y%, y(1) =43

In Exercises 28-34 solve the given homogeneous equation implicitly.

28y =27 29. (V'x—y)(In|y| —In|x|) = x
x—=y
3 2 2 3 2
30, y,:y + 2xy° 4+ x°y + x 31. y,:x+ y
x(y +x)? 2x +y
32. yl = y 33 ! ‘xyz + 2y3
y—=2x C T a2y + )2
14 y,_x3+x2y+3y3

x3 4 3xy?

35.

(a) Find a solution of the initial value problem
x2y =y 4 xy—4x%, y(-1)=0

on the interval (—oo, 0). Verify that this solution is actually valid on (—o0, 00).
(b) Use Theorem 2.3.1 to show that (A) has a unique solution on (—o0, 0).
(c) Plot a direction field for the differential equation in (A) on a square

{-r<x<r—r<y=r}

where r is any positive number. Graph the solution you obtained in (a) on this field.

(d) Graph other solutions of (A) that are defined on (—oc0, 00).

(A)
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(e)

(a)

(b)

(c)

(d)

(a)

(b)
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Graph other solutions of (A) that are defined only on intervals of the form (—oo, @), where is
a finite positive number.

Solve the equation

xyy' =x*—xy +y? (A)
implicitly.
Plot a direction field for (A) on a square

{0<x<r0<y<r}

where 7 is any positive number.

Let K be a positive integer. (You may have to try several choices for K.) Graph solutions of
the initial value problems

kr
xyy' =xt—xy+y* y(r/2)= i

fork = 1,2, ..., K. Based on your observations, find conditions on the positive numbers
Xo and yo such that the initial value problem

xyy' =x*—xy +y%  y(xo0) = yo. (B)

has a unique solution (i) on (0, co) or (ii) only on an interval (a, c0), where a > 0?
What can you say about the graph of the solution of (B) as x — oo0? (Again, assume that
X0 > 0and yg > 0.)

Solve the equation
2y2 — xy + 2x?
V=" (A)
xy +2x
implicitly.

Plot a direction field for (A) on a square
{-r<x<r,—r<y<r}

where r is any positive number. By graphing solutions of (A), determine necessary and
sufficient conditions on (xg, yo) such that (A) has a solution on (i) (—oo, 0) or (ii) (0, co)
such that y(x¢) = yo.

Follow the instructions of Exercise 37 for the equation

,xy+x*4y?
S

Pick any nonlinear homogeneous equation y’ = ¢(y/x) you like, and plot direction fields on
the square {—r < x <r, —r < y < r}, where r > 0. What happens to the direction field as you
vary r? Why?
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40. Prove: If ad — bc # 0, the equation

, _ax+by+a
ex+dy+B

can be transformed into the homogeneous nonlinear equation

d_Y aX + bY

dX cX+dY

by the substitutionx = X — Xo, y = Y — Yy, where Xy and Yy are suitably chosen constants.

In Exercises 41-43 use a method suggested by Exercise 40 to solve the given equation implicitly.

—6 -3 2 1
4., =X Er=S g, y=Xtrt
2x—y—1 x+2y—4
43 ,  —x+3y—14
T x+y-=2

In Exercises 44-51 find a function y, such that the substitution y = uy; transforms the given equation
into a separable equation of the form (2.4.6). Then solve the given equation explicitly.

4. 3xy?y =y3+x 45. xyy' =3x%+4 6y?
46. x*y =2(y* +x%y —x%) 47. y' = ye™ + 4y +2e*
8.y = y2 + ytan x + tan® x 49. x(Inx)?y’ = —4(Inx)? + ylnx + y?
. = —
sin® x

50. 2x(y4+2VX)y' = +VX)? 5L (y+e*)y = 2x(32 + ye* + e2¥)
52. Solve the initial value problem

;2 3x?y?46xy +2

+Zy = , 2) =2.
YTy x2(2xy + 3) ¥
53. Solve the initial value problem
3 3x*y? + 10x%y + 6
"+ Zy= , =1
Yy x3(2x%y +5) v

54. Prove: If y is a solution of a homogeneous nonlinear equation y’ = ¢(y/x), sois y1 = y(ax)/a,
where a is any nonzero constant.

55. A generalized Riccati equation is of the form

Yy = P(x) + 0(x)y + R(x)y>. (A)

(If R = —1, (A) is a Riccati equation.) Let y; be a known solution and y an arbitrary solution of
(A).Let z = y — y;1. Show that z is a solution of a Bernoulli equation withn = 2.
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In Exercises 56-59, given that yi is a solution of the given equation, use the method suggested by Exercise
55 to find other solutions.

56. Yy =1+x—(1+2x)y+xy% y=1
57. Yy =e* +(1—-2e%y +y% y=¢e*
5. xy=2—x+Q2x—-2)y —xy% y1=1
59. xy' =x34+010-2x3)y +xy% y=x

2.5 EXACT EQUATIONS

In this section it’s convenient to write first order differential equations in the form
M(x,y)dx + N(x,y)dy = 0. (2.5.1)
This equation can be interpreted as
dy

M(x,y) + N(x,y) == =0, 2.5.2)

where x is the independent variable and y is the dependent variable, or as
dx

M(x,y) ot N(x,y) =0, (2.5.3)
where y is the independent variable and x is the dependent variable. Since the solutions of (2.5.2) and
(2.5.3) will often have to be left in implicit, form we’ll say that F(x, y) = c is an implicit solution of
(2.5.1) if every differentiable function y = y(x) that satisfies F(x, y) = c is a solution of (2.5.2) and

every differentiable function x = x(y) that satisfies F(x, y) = c is a solution of (2.5.3).
Here are some examples:

Equation (2.5.1) Equation (2.5.2) Equation (2.5.3)
2.2 3 2.2 3, 4y 2 o dx 3
3x°y*dx +2x°ydy =0 3x“y"+2x°y — =0 3x“y —+2xy =0
dx dy
2 .2 2 2 dy 2 24X
(x*4+y*)dx +2xydy =0 (x +y)+2xyE=O (x +y)3+2xy=0
) ) dy . dx
3ysinxdx —2xycosxdy =0 3ysmx—2xycosxa=0 3ysmx5—2xycosx:0

Note that a separable equation can be written as (2.5.1) as
M(x)dx + N(y)dy = 0.

We’ll develop a method for solving (2.5.1) under appropriate assumptions on M and N. This method
is an extension of the method of separation of variables (Exercise 41). Before stating it we consider an
example.



