Abstract

RAY, ROBERT. Quantum Symmetric Spaces and Quantum Symplectic Invariants.

(Under the direction of Dr. Naihuan Jing).

Although subgroups of the general linear group, GL(n,C), are well understood,
properties of quantum analogs of the subgroups of GL,(n, C) have been a little more
elusive. This is due in part to the fact that these sets are not groups and there
does not appear to be a natural way to embed them in GL,(n,C). With respect
to the matrix multiplication, these sets generally fail to be closed, and the elements
do not all have inverses. However, the associated quantized regular functions and
quantized universal enveloping Lie algebras still retain Hopf algebra structures. It is
this structure that was used by Jing and Yamada [7] in 1994 to construct g-analogs of
the orthogonal group and the associated g-orthogonal invariants (quantum symmetric
algebra).

The first two chapters of this text provide the basic background information for
the main thesis topic. In chapter 1, we review some basic definitions and properties of

Hopf algebras, first discussing algebras and coalgebras (drawing mostly from material



by Montgomery [6] and Kassel [3]). Here the definitions of the regular functions of
GL(n,C) are recalled and other examples of Hopf algebras are given to illustrate
some of the properties. In chapter 2, quantum versions of these Hopf algebras are
presented, thus defining the quantum version of GL,(n,C).

In their paper, Jing and Yamada [7] use a differential method of defining g-
orthogonal invariants of the action of O,(n,C) on A,(X). In other words, the g-
orthogonal invariant subspace is defined as the subspace of A,(X) that is annihilatad
by a g-analog of U(so(n,C)). In the third chapter, a g-analog of U(sp(n,C)) is con-
structed and the g-symplectic invariants in A,(X) are defined relative to the left and
right action of U,(sp(n,C)), in a differential fashion similar to [7], where we require
n be even. The space of these ¢-symplectic invariants is then decomposed into right
and left irreducible modules and several properties are discussed and we show how

these ¢-symplectic invariants define quantum antisymmetric matrices.

July 24, 2005



QUANTUM SYMMETRIC SPACES AND
QUANTUM SYMPLECTIC INVARIANTS

BY

ROBERT RAY

A DISSERTATION SUBMITTED TO THE GRADUATE FACULTY OF
NORTH CAROLINA STATE UNIVERSITY
IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY
MATHEMATICS

RALEIGH, NORTH CAROLINA

Jury 2005

APPROVED BY:

N. JiNnG T. LADA
CHAIR OF ADVISORY COMMITTEE

K. MISRrRA E. STITZINGER



Biography

Rob Ray was born in Caldwell, Idaho on November 20, 1963 and spent most of his
elementary school and high school years in Yakima, Washington. Rob graduated
from Albertson College of Idaho in 1986 with a Bachelor of Science in mathmat-
ics/computer science with a minor in physics. He graduated from Western Washing-
ton University in 1992 with a Master of Science in mathematics. While attending
Western Washington University, he and Robin McDonald were married and in 1997
their first child, Maggie was born. Rob and his family moved to North Carolina in
1998 where Rob began his Doctorate degree at North Carolina State University. Rob
and Robin’s son Thomas was born in 2001.

Rob finished his Doctor of Philosophy in mathematics in 2005. He and his family

have moved to Spokane, Washington, where he will pursue a career in education.

i



Acknowledgments

Most importantly, I would like to thank my advisor, Dr. Naihuan Jing. Without his
guidance and understanding, I would not have been able to accomplish this under-
taking. Being a parent of young children, he appreciated my position as a parent and
he understood my time requirements. Through his insight into the research process
and his patience with me, he allowed me to freely explore solutions to many of the
problems presented. When I would take a wrong turn, he would kindly direct me
to the correct path (despite my sometimes stubborn resistance), and when I made
progress he provided encouragement. For this, I am forever grateful.

And for their patience, I thank the members of my committee: Dr. Ernest
Stitzinger, Dr. Kailash Misra, and Dr. Tom Lada. As educators and mathemati-
cians, they have been quintessential role models.

I would like to express my eternal gratitude to my wife, Robin. Without her
inspiration, I would not have returned to school, and without her support and en-
couragement I could not have stayed in school. Her strength became my strength.

In addition to the above mentioned sources of moral and intellectual support, I

il



would like to acknowledge the partial financial support from the NSA.

v



Table of Contents

List of Figures viii
1 Hopf Algebras 1
1.0.1 Algebras . . . . . . . . 2

1.0.2 Coalgebras. . . . . . . ... 3

1.0.3 Bialgebras . . . . . . . ... )

1.0.4 Hopf Algebras . . . . . . . . . ... 5

1.0.5 Modules and Comodules . . . . . .. ... ... ... ... .. 8

2 Quantum Groups 11
21 A (X), A)(G)), GLy(n,C)and Uy(g) . . . - -« oo oo v 11
211 A (X), A/(G) and GL,(n,C) . . . . ... 12

2.1.2  Other Quantum Groups . . . . . . . ... ... ... ..... 14

213 Uyg) - - - o o o 15

214 A,/G),Uy(g) Duality . . . ... ... ... .. ... ... 16

2.1.5  Relative Invariants . . . . . .. ... ... 19



3 Quantum Symplectic Invariants

3.06 Uy(sp(n,C)) . . . ...
3.0.7 Spaces of g-symplectic invariants . . . .. ... ... ...
3.0.8 Relation Diagrams of A,(A) . . . ... ... .. ... ... ..
3.0.9 Quantum Antisymmetric Matrices . . . . . . . ... ... ...
3.0.10 Quantum Pfaffian . . . . . . ... ..o
3.0.11 Decomposition of X A4,(X)) and A,(X)% . ... ... ... ..

3.0.12 Bi-invariants . . . . . . . . ...

A Proofs for the Left Action of U,(sp(n,C)) on Al(A) Generators

B Proofs for Relations of Quantum Antisymmetric Generators

C Relations of Quantum 2-Minor Determinants

C.1

C.2

C.3

C4

Quantum minor determinant relations associated with z;;z;, where
1< <k<l ...
Quantum minor determinant relations associated with z; ;2; 1 = qz; 2 ;
where i < 7 <k . . . . .

Quantum determinant relations associated with z; ;z; , = qz; 2 ; where

Quantum minor determinant relations associated with z; y2; x = q2;j k% k

where t < 7 <k . .. . .

vi

21

21

24

28

34

34

93

64

75

88

90

104

118



C.5 Quantum minor determinant relations associated with z;,z;; where

C.6 Quantum minor determinant relations associated with z;;z;; where

< g<k<l ... 174

References 199

vil



List of Figures

1.1

1.2

1.3

1.4

2.1

3.1

3.2

3.3

3.4

C.1

C.2

C.3

C4

C.5

Algebra associativity . . . .. ... .o 2
Unit map . . . . . . 2
Coalgebra coassociativity . . . . . . . . ... ... ... 4
Counit map . . . . . . . . . 4
Ay X) Relations . . . . ..o Lo 12
“Square” Above Diagonal . . . . . . ... ... 29
Corner of “Square” on Diagonal . . . . . .. ... ... .. ... ... 30
Corner of “Square” Across Diagonal . . . . . . .. ... .. ... ... 31
“Square” Straddles Diagonal . . . . . . . . .. ... ... 32
;i and éﬁf ................................ 90
fi, and ﬂff ................................ 95
fZi and 5725 ................................ 99
0] and ﬁ’; ................................ 104
ﬁJS and f;fj ................................ 110

viil



C.6 &2and &F .o 115

C.7 & and §£§ ................................ 118
C.8 ffﬂs and ﬁﬁf ................................ 122
CO &Fand &F .o 130
Cl0&kand &2F ..o 132
CAL&kand &F ... 136
Cl2&band &8 ..o . L 140
C13&kand &L ... 143
ClAgrkand &L ... 163
CAb&mand €00 ... 171
C.16 fﬁ; and fsl ................................ 174
CATET and & .o oo 184
CA8&7 and €8 oL 197

X



Chapter 1

Hopf Algebras

In this text, a quantum version of the classical matrix group, GL(n,C) and some
of its quantum “subgroups” are discussed. The quantum versions of these groups
are defined in terms of their regular functions and these definitions rely on the Hopf
algebra structure of these functions. Therefore, before discussing these quantum
groups, some background in Hopf algebras will be presented. The examples used in
this section will generally be associated with the classical groups and the quantum
versions of these will be discussed in the following chapter. Much of this information

can be found in Kassel [3] and Montgomery [6].



CHAPTER 1. Hopf Algebras 2
1.0.1 Algebras
First recall the definition of an algebra over a field F.

Definition 1.1. [6] An algebra over a field F is a vector space, V', together with two
linear maps, a multiplication p: V @V — V', and a unit map n : F — V such that

the following diagrams (Figure 1.1 and Figure 1.2) commute:

1 ®d

VelVeV VeV
id @ p Iz
VeV -V

]

Figure 1.1: Algebra associativity

and

d d
FovI®%y oy @@ly op

|
\ |
i
v
Figure 1.2: Unit map

where the lower left and right maps are simply scalar multiplication. This algebra

is sometimes denoted, (V, u,n).

Example 1.1. The n X n matrices with entries in a field F, denoted Mat(n,TF)

is an algebra with u defined as the standard matriz multiplication and unit map,
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n:a— al, forael.

Example 1.2. For any group G with identity e we may construct its group algebra,
denoted C|G|. We consider the elements of the group as linearly independent vectors
and C[G] to be their span. The group multiplication induces a multiplication on C[G]

and, together with the unit map ¢ — ce, defines an algebra. [6]

Example 1.3. Another example is A(X), the algebra of polynomials of n® variables
over the field C, denoted Clxy1,T12,...,%n,) with p being the standard polynomial
multiplication and 1 being the injection map, taking the field C to the constant poly-

nomials. [6]

We also refer to A(X) as the regular functions of Mat(n,C). In other words,
for a polynomial f(x11,212,...,2n,) € A(X), f can be viewed as a function f :

Mat(n,C) — C. We evaluate f at a matrix, (a;;) as f(a1,1,a12,-..,nn).

1.0.2 Coalgebras

Definition 1.2. [6/ A coalgebra is a vector space V' together with two linear maps,
comultiplication A :'V — V ® V and counit ¢ : V — T, such that the following
diagrams (Figure 1.3 and Figure 1.4) commute.

This coalgebra is sometimes denoted, (V, A, ¢).

Example 1.4. The group algebra, C[G], becomes a coalgebra with the maps:

Alg)=9®g (1.1)
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1% ~VeV
A A ®id

Figure 1.3: Coalgebra coassociativity

Fov-—2 yv_©l  yep
e ®id A d® e
VeV

Figure 1.4: Counit map
e(g) =1
forall g € G.

Example 1.5. Again, considering A(X) (of Example 1.3). If we define A by

and € by

then A(X) becomes a coalgebra.

(1.2)

(1.3)

(1.4)
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1.0.3 Bialgebras

Definition 1.3. [6] A vector space V over a field F, is a bialgebra if (V,u,n) is
an algebra, (V, A, ¢) is a coalgebra, and either of the following (equivalent) conditions

holds:
1. A and e are algebra morphisms
2. 1 and n are coalgebra morphisms
This bialgebra structure is often denoted by (V, u,n, A, ¢€).

Example 1.6. The previous example of a coalgebra (Example 1.3), Clx11, %12, .- ., Ty,
by its definition is a bialgebra. Recall that the coalgebra structure maps were defined
on the generators and then extended to the rest of the space by defining them to be

algebra morphisms.

Example 1.7. Additionally, any group algebra with the above defined coalgebra maps

(Example 1.4), is also a bialgebra.

1.0.4 Hopf Algebras

Before stating the definition of a Hopf algebra there are a couple preliminary defini-

tions that need to be covered.

Definition 1.4. Given an algebra (V, u,n), a coalgebra (W, A, e) and two linear maps

f,g : W — V then the convolution of f and g is the linear map fxg: W — V
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defined by

(fx9)(c) = (no(f@g)oA)(c), ceWw (1.5)

It is now convenient to mention another relationship between Mat(n,C) and
A(X). Since any algebra morphism of A(X) is determined on its generators, an
algebra morphism from A(X) to C can be identified with an n’-tuple of elements
from C. Thus we have a natural bijection between Hom 4;,(A(X),C) and Mat(n,C).
And, if we let f,g € Homuy(A(X),C) then convolution, f % g, corresponds to the

familiar matrix multiplication and as algebras,

Mat(n,C) ~ Homa,(A(X),C) (1.6)

Definition 1.5. Let (V,u,n, A, e) be a bialgebra. An endomorphism S of V' is called

an antipode for the bialgebra V if

idy xS =Sxidy =noe (1.7)

Definition 1.6. A Hopf algebra is a bialgebra with an antipode.

Example 1.8. In the case of the group algebra C[G|, the antipode is given by

Slg)=9~" VYged (1.8)

and C[G] becomes a Hopf algebra.
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The bialgebra A(X) from example 1.3, is not a Hopf algebra, however, a Hopf

algebra can be constructed from A(X).

Definition 1.7. [7] Let I and J be two subsets of {1,2,...,n} such that #I =
#J = r. Now arrange the elements of I and J so that they are in increasing order,
I={i1<is<...<i}and J={j1 <jo<...<Jr}, then we define the r-minor

determinant, ¢! by

¢ = Z SGN(0) iy o1y - -+ iy € AX) (1.9)

oES,
Where S, is the symmetric group of permutations of r objects.

The n-minor determinant is simply denoted det. By adjoining the element det™!

to A(X) we construct

A(GL(n,C)) =C [z11, 212, . .. Ty, det ™| = A(X) [det™] (1.10)

also referred to as A(G) or as the regular functions of GL(n,C). We note that the

algebra morphisms from A(G) to C is the group GL(n,C). That is,

Hom,4,(A(G),C) ~ GL(n,C) (1.11)
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We are now able to define the antipode map for A(G) by
S(wiy) = (—1)det™' ¢ (1.12)
where k= {1,...,k—1,k+1,...,n}. Thus, A(G) is a Hopf algebra.

1.0.5 Modules and Comodules

Recall the definition of a module over an algebra A.

Definition 1.8. [6/ For an algebra A (over a field F), a (left) A-module is a space

M with a linear map v : A® M — M such that the following diagrams commute:

1 ®id

ARARQ M AQ M
1d ® 7y Y
A M 5 - M (1.13)
d
FoM—12", AgMm
scalar mult. Y
Vi (1.14)

The category of left A-modules is denoted 4 M. Right modules are defined similarly.

Definition 1.9. For a coalgebra C (over a field F), a (right) C-comodule is a space
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M with a linear map p: M — M ® C' such that the following diagrams commute:

M p - M®C
p id® A
e 1.15
M®C T MeC®C (1.15)

M p M&C

®1 dQ e

M&®TF (1.16)

The category of right C-modules is denoted MC. And the left comodules are defined

simalarly.

Example 1.9. If C is a coalgebra and we have a right C-comodule V' (resp. a left
C'-comodule W ) with structure map Rc : V — V&C (resp. Lo : W — CQW ). Then

V' and W have natural left and right C* module structures defined by the following

av = (id®a)Rc(v), ac C*veV (1.17)

w.a = (a®id)Lo(w), a € C*weW (1.18)

where C* is the dual space to C.

This is a very convenient way to construct a module in certain cases. For example,
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given a bialgebra such as A(G), A(G) is itself a A(G)-comodule, using the comulti-

plication as the comodule structure map. This defines A(G) as a A(G)*-module.



Chapter 2

Quantum Groups

2.1 A/X), A/(G)), GLy(n,C) and U,(g)

Here we introduce quantum analogs of some of the bialgebras and Hopf algebras
that were discussed in the previous chapters. These constructions are found in Jing
and Yamada [7] and in Noumi, Yamada, and Mimachi [4]. In general, the quantum
versions of these algebras can be described as single parameter deformations of the
classical algebras. That is, we will describe A,(X) to be like the classical algebra A(X)
except with noncommuting relations imposed upon its generators. These imposed
relations involve a fixed ¢ € C such that, if ¢ =1 then A (X) = A(X). For ¢ # 1 we

require that ¢ not be a root of unity, i.e. ¢™ # 1 for all m € Z

11
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2.1.1 A,(X), A,(G) and GL,(n,C)

We first define the algebra of functions A,(X) on X = Mat,(n,C) (see [7]) as

AQ(X) = (Cq [Il,laxl,Qw--)xn,n] (21)

This is the non-commuting C-algebra generated by z11,212,...,%,, and with rela-
tions

Tikljk = qT;5kTik (2-2)

Tk,illkj = Tk Tk (2-3)

LiiLjk = TjkLil (2.4)

1
TikTjl — TjiTik = |4 — 5 Li1Tj.k (2.5)

where ¢ < j and k < [. To help visualize these relations with respect to the matrix

X, we construct the following diagram with a “square” of generators [7]:

Tik — T4}

]

x]7k - x]vl

Figure 2.1: A,(X) Relations

The convention here will be that x — y implies xy = gqyz. Additionally, by letting
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A,(X) inherit the coproduct and counit maps as defined on A(X), we see that A,(X)
is also a bialgebra.

Let I and J be two subsets of {1,2,...,n} with #I = #J = r with ordered
elements, ie. i1 <1y < ...< 1. €[ and j; < j» < ...j. € J. Then the quantum

r-minor determinants are defined as

I T !
J = 5;1 ..... ;; - Z (_Q) (U)xiljau)xizjo(z) o Lirfo (e (2-6)
oS,

where [(0) denotes the number of pairs (4, 7) with ¢ < j and o(i) > o(j) [7]. There is
a unique quantum n-minor determinant, and it is denoted by det, [7]. To construct

A, (G) we simply adjoin det_ ' to Ay(X)
AG) = [$1,1, T12, 0135 -y T, det;l} (2.7)
Also, we keep all of the relations of A,(X) and add the following relations [4]
i - det,! = det " - x; (2.8)

detq_1 - det, = det, - det;l =1 (2.9)

With aletq_1 the following algebra morphism S may be defined

S(wiy) = (—q) € -det;' 1<ij<n, (2.10)
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where k = {1,...,k—1,k+1,...,n} [7]. It can be verified that S is the antipode
for A,(G). As such, A,(G) is a Hopf algebra. Finally, GL,(n,C) is defined as the

algebra morphisms from A,(G) to C, i.e.

GLy(n,C) ~ Homyy, (A4(X),C) (2.11)

and is the quantum analog of GL(n, C).

2.1.2 Other Quantum Groups

In addition to the above mentioned quantum groups, we will need to define some
additional subgroups of G = GL,(n,C). These subgroups are discussed by Jing and
Yamada [7] and by Noumi, Yamada, and Mimachi [4]. The Borel subgroups B, and
B_ of GG consist of the upper and lower triangular matrices are defined in terms of

their associated Hopf algebras

A(B+) =C [LU@J(Z < j), T11y---5Tnn (212)

A(B,) =C [SEL](Z Z j), T11,--- 7xn,n] (213)

These algebras have relations induced from A,(G) and we note that the diagonal

elements 1 1, ..., x,, commute with each other. [4]
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The diagonal subgroup H,, of GL,(n,C) is defined by its regular functions

A(H,) =C [ty t7 .ot )] (2.14)

2.1.3  U,(g)

Next we will introduce the quantum universal enveloping algebra U,(g) of g = gl(n, C)

in the same manner as [4] and [7]. Let L,, be the free Z-module of rank n with the

canonical basis {e,...,€e,}, i.e. L, = ,jé Zey,, endowed with the symmetric bilinear
=1

form (€;,¢;) = 0;;. We will define ay = €, — €x41. Additionally, we will identify a

partition A = (Aq, ..., \,) € P, with \je; + -+ -+ A\, € L,,. We will refer to such an

element of L, as a dominant integral weight. The fundamental weights are defined

by Ay =€+ -+ ¢ (see [7]). Now we define U,(g) as the C-algebra with generators

er, fr (1 <k <mn)and ¢* (A€ LL,) with the following relations [4]:

1
L =1, ¢'¢" =" (/\,,u € §L”) , (2.15)
Perg = g™hvle ()\ € Ln, 1<k< n) , (2.16)
O fg =g ()\ € 5Ll <k< n) (2.17)
e.fi — ﬂ@—@Jq_;d (1<i,j<n)), (2.18)

ee;— (q+q ") eeje; +eje; =0 (i —jl=1), (2.19)
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fofi=(a+a ) Lfifi+ fiff =0 (li—jl=1), (2.20)
€;€; = €;€;, fzf] = f]fz (|Z —]| > ].) (221)

If we define a coproduct, Ay, and a counit, £, on the generators in the following

manner
M) =" @, @) =1, (2.22)

Ayler) = e @ ¢ 2 + ¢/ @ ey, eleg) =0, (2.23)

Ay(er) = fo @ g2+ ¢ @ fr, e(fr) =0, (2.24)

we see that U,(g) is a bialgebra. Additionally, with the antipode Sy defined by

Su(d®) = ¢ (2.25)
Suler) = —q ‘e (2.26)
Su(fe) = —afu (2.27)

it becomes a Hopf algebra.

2.1.4 A,G),U,(g) Duality

As stated in [4], there exists a unique pairing of Hopf algebras U,(g) and A,(G)

(, ):Uyg) xA,(G)—C (2.28)
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satisfying the following relations:

(q’\,xi,j) = 5i,jq<k’si>, \E %Ln, 1<4,5<n (2.29)
(er,xij) = Oikbjkt1, 1<i,5<n (2.30)
(fr,ij) = Oik+10j, 1<4,57<n (2.31)
(q’\,det;”) = e e 7 (2.32)
(ex,det) = (fr,det) =0 meZ (2.33)

For our purpose, we will switch to a functional notation used in [7]. In other words,

MNaiy) = 0i;gM0, Ne %Ln, 1<i,j<n (2.34)
ex(Ti;) = 6ipbjpr1, 1<i,7<n (2.35)
fe(@ij) = 0ipt1djk, 1<4,5<n (2.36)
q)‘(detgl) = gneneE) ez (2.37)
ex(dety') = fi(det)') =0 meZ (2.38)

and then extend these to the rest of the algebras by

a(ey) = Ay(a)(p @) (2.39)

a(1) = ey(a) (2.40)

(ab)(p) = (a ®b)A(p) (2.41)
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1(p) = () (2.42)

Additionally, we have

Sula) = a.SW) a € Uylg),w € 4,(C) (2.43)

These relations realize a duality between the two Hopf algebras and allows us to regard
the elements of U,(g) as linear functionals on A,(G) (see [4]). As discussed previously,
this duality allows any right A,(G)-comodule V' (resp. left A,(G)-comodule W) with
structure map Rg : V — V ® A,(G) (resp. Lg : W — A,(G) @ W) to become a left

(resp. right) U,(g)-module with the following defined action

av = (id®a)Re(v), aclUilg),veV (2.44)

w.a=(a®id)Lg(v), a€Uyg),weW (2.45)

More specifically, we already know A,(X) is a completely reducible two-sided A,(G)-
comodule using the comultiplication, A, as the comodule structure map. As such, it

becomes a completely reducible left and right U,(g)-module [7, 4]. We can describe
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the left module action of the generators of U,(g) on the generators of A,(X) by

A _ AEj
¢ iy = wiyq

€k 5 = xi,jflaj,k+1

Jeij = Tij1105k

and the right module action as

A )\,Ei
Tij.q = »Ti,jq< >

Tij-€p = $i+1,j5k,i

xi,j-fk = $z‘—1,j5k+1,i

Throughout the rest of this text, this will be the action of U,(g) on A,(X).

2.1.5 Relative Invariants

(2.46)
(2.47)

(2.48)

(2.49)
(2.50)

(2.51)

In [7, 4], the following subsets of A,(X) are defined. For an element A = ) Apex € Ly,

k=1

let 2* = [] 20t € A(By) and t* = [ t* € A(H). We define the spaces of relative
k=1 k=1

invariants with respect to the subgroups By by

A(G/By; %) = {p € A(G); (id ® 75, ) A(p) = ¢ ® 2}

A(B\G; 2Y) = {p € Ay(G); (mp_ @ id)A(p) = 2" ® ¢}

(2.52)

(2.53)
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where the restrictions maps my @ Ay (G) — Ay(By) are defined by 7p, (z;,) = 2,

IA
S

(1 <i<j<n)mp(ry) =0(0G>7]),and mp (25) = 2z (1 <j <
e (zi5) =0 (i < j).

A(G/By;2") (vesp. A(B_\G;z")) is a left (resp. right) A,(G)-subcomodule of
A,(G) with structure mapping A. It is proved in [4] that, for a dominant integral
weight A\ € P,, the space A(G/By;2") (resp. A(B_\G;2")) gives a realization of the
irreducible left (resp. right) A,(G)-subcomodule V.F(X) (resp. V(X)) of Ay(X), with

highest weight A. This fact will be used extensively in many proofs of this text.
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Quantum Symplectic Invariants

In this section we define the space of quantum symplectic invariants in the subal-
gebra of A,(X). This is done in a differential manner, similar to Jing and Yamada
[7], by defining a subalgebra of A,(X) that is annihilated by a quantum version of
U(sp(n,C)). In other words, it will be defined as the subspace of A,(X) that is
annihilated by U,(sp(n,C)) C U,(g) by the module action previously defined. For
consistency of notation we require from here on that n be even, so rather than use

the notation sp(2n) we will use sp(n).

3.0.6 U,(sp(n,C))

We will first describe a subalgebra of U, (g) that is a quantum deformation of U, (sp(n, C)),
(n even). Relative to the standard n dimensional representation of U,(g), we identify

the generators ey, of U,(g) with Ej 1 and fi with Ejyq . The diagonal generators

21
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q““ are represented by

1
El,l + E272 4+ -+ qCEi’Z' 4+ -+ En,n (S §Z (31)
For example i i
1 0 0 0 0
0 ¢/2 0 0 0
u 0 0 ¢'20 0
gz — (3.2)
0 O 0 1 0
0 0 0 0o --- 1

By associating the generators of U,(g) with elements of the form E; ;, subalgebras
of U,(g) may be defined in terms of these E; ;. More specifically, the following “off
diagonal” elements E;;, where |i — j| > 1, can be inductively, generated by the

elements of the form F; ;1 by

Ei,j - i,k:Ek,j - Ek,jEi,k (33)

Eji = EjrEri — EriEjp (3.4)
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where ¢ < k < j and E;; and E;; are independent of our choice of k£ [7]. As an

example,

Fvy= Eoky3bsy — By oFs byg — Foslis 4By o+ Es 4By 3B o
= e1e9€3 — €1€369 — €9€3e1 + e369€1

= le1, [e2, €3]] (3.5)

We define a subalgebra U, (sp(n, C)) of U,(g) (n even) as the subalgebra generated

by the following elements:

5pe(i,J) = Eai—1; + QQ(i_j)EQj—l,Qi 1<i#j<n/2 (3.6)
$pe(i, i) = Eoi1.9 1<i<n/2 (3.7)
spr(i,7) = Eaigj—1 + q2(i7j)E2j,2i—1 1<i#j<n/2 (3.8)
spr(i,1) = Eaigi1 1<i<n/2 (3.9)
spu(i,7) = Eaim12j-1 — C]2(i7j)E2j,2i 1<i,j<n/2 (3.10)

with i, 7 < n/2. Some of the relations of these generators are:

spe(4,1) = ¢ Dspe(i,5) i< j (3.11)
spr(d,i) = ¢ sps(i,g) i< (3.12)
Sph(]) Z) = q2(z_])sph(2aj)T { <.] (313)
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[spn (i, ), spn(k, D] = 0;kspn(i, 1) = 8iaspn(j, k) (3.14)
[spe(i, j), sps(k, )] = spa(i,1) i<j=k<I (3.15)
[spn (i, ), spe(k, )] = spe(iyl) i <j=k<I (3.16)
[spn(k, 1), spy(i, )l = —spy(is1) i <j=k <l (3.17)

Using these relations (primarily Equations 3.15, 3.16 and 3.17) it is easy to show that

the elements of the form

spe(J. ), spy(d. ), where 1 <j <n/2 (3.18)

spe(i,1+1), spr(i,i+1), 1<i<n/2-1 (3.19)

generate U,(sp(n,C)). For example, we see

5p.(1,3) = [spn(1,2), 5p.(2,3)] (by 3.16) (3.20)

= [[spe(1,1), spr(1,2)], spe(2,3)] (by 3.15) (3.21)

3.0.7 Spaces of g-symplectic invariants

For a given left (resp. right) U,(g)-module V' (resp. W) we define the g-symplectic

invariants by [7]

VE = {veV;sp(i,j)o=0,sps(i,j)v=0 1<i,j<n/2} (3.22)
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KW = {w e Wiw.sp.(i,j) = 0,w.sps(i,j) =0 1<4i,j <n/2} (3.23)

Using the fact that A,(X) is a two-sided U, (g)-module (see 2.44, 2.45) we define the

left and right quantum symplectic invariants in A,(X) as

A,(X)E = {p € Ay(X);spe(iy §).p = 0,8pp(3,5).p =0 1<i,j<n/2} (3.24)

KA(X) = {p € A pspeli ) = 0,p.5pr(i,J) =0 1<ij<n/2}  (3.25)

The spaces A,(X)X and X A,(X) are subalgebras of A,(X). Additionally, we see
that A,(X)¥ is a left A,(G)-subcomodule of A,(X) (similarly ¥ A,(X) is a right
A,(G)-subcomodule of A,(X)). Equivalently, A,(X)¥ is a right U,(g)-submodule of

A (X) and KA, (X) is a left U,(g)-submodule of A,(X).

Definition 3.1. Forn even, the following quadratic elements of A,(X) may be defined

n/2
Zz‘L,j — Z gtit1=4k)/2 (%i2k-1%j 2k — qTi2kTj2%—1) (3.26)
n_2
=g, @27
k=1
and
n/2
zfj = Z qf(iﬂ'ﬂ%k)/2 (Tok—1,iT2k,j — qT2kiT2k—1,) (3.28)
n/2
_ Z q_(i+j+1—4k)/2€zl;—1,2k (3.29)

k=1
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Example 3.1. If we let n = 6 then

1
L _ 2 3
234 = @ X31T42 — ¢ T32T41 + T33T44 — qT34T43 + ?$3,5374,6 - 5373,6374,5

1
= @&+ &+ ?fg—?’:é (3.30)

Lemma 3.1. 2 € KA (X) and z}; € A (X)X

R

Proof. To show z[ (resp. 2z};) are annihilated by all sp.(k,l) and sps(k,1), it

is sufficient to show they are annihilated by sp.(k, k), spe(k,k + 1), sps(k, k) and

spy(k,k+1) (by 3.18). First,

spe(k, k).z); = ea_1.2]; for k <n/2

= 0 (see A.3) (3.31)

spe(k, k+1).25 = 0 (see A.5) (3.32)

spy(k, k:)zlL] = ka_l.ziLJ for k <n/2

= 0 (see A4) (3.33)

spy(k,k+1).25 = 0 (see A.6) (3.34)
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Thus z/; € A (X)¥. Similar calculations show 2% € ¥ A4,(X). O
We denote the subalgebra of Ay(X) (resp. ®A (X)) by AL(A) (resp. AF(A))
generated by zf; (resp. z[). AL(A) is a left Aj(G)-subcomodule of A,(X)X and

AB(A) is a right A,(G)-subcomodule of A,(X)¥.

q

Theorem 3.1. The algebras AY(A) and AF(A) are isomorphic to the algebra Aq(A)

generated by z;; (1 <i,1 < j) with the following relations:

1 o
Zijg = ——%ii 1<] (335)
q
Zil%5k = %4kl 1< ] <k<l (336)
ZijZik = QZixZig  J <Kk (3.37)
ZijZik = QZikziy 1 <J <k (3.38)
ZikZik = QZiRZik <] (3.39)
1
ZikZj0 — 2Rk = | 4 — 4 Zi 1%k (3.40)
1 1
Z’i,jZk,l - Zk,lZiJ‘ = q — 5 Zi,kzj,l — q q — a Z’i,l’zj,k (341)

Using 3.40 we may rewrite 3.41 as

1
RijZkl — Rkl%i = %1%k — gzz’,kzj,l (3.42)
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Proofs of these relations are in the appendix. OJ

The definitions of these generators also imply

3.0.8 Relation Diagrams of A,(.A)

In the same way that we provide a visual perspective for the generators of A,(X)
(see Figure 2.1.1), we may also provide pictures of the relations for A,(A). In fact,
the “square” inherits similar relations of A,(X), except, due to the antisymmetric
nature of the generators, there are some significant differences in the relations when
the “square” crosses the diagonal of Z = (z; ;). These modified relations can be seen

in the following diagrams.
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Figure 3.1: “Square” Above Diagonal

Here, the square does not lie across the diagonal. We see the original relations of

the generators for A,(X) apply here. (see 3.36, 3.37, 3.39, and 3.40)
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Figure 3.2: Corner of “Square” on Diagonal

In this diagram the square has the original relations of A,(X) (see 3.36, 3.37 and
3.39) however, we note that z;; = 0 and instead of using 3.40 to relate z; ; and z;y,
we use 3.38.

ZijZk = 4%j k%, (3.44)
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Figure 3.3: Corner of “Square” Across Diagonal

In this diagram, one of the corners of the square lies across the diagonal. These
generators have some of the same relations (3.37 and 3.39). Specifically, two genera-

tors in the same row or in the same column still have the same relations.

Zil%ky = —4Zi 1%k
= —qZjk~i|l

= Zk,jRil (345)

Instead of using 3.40 to relate z; ; and 2z, we use 3.42.

1
ZijRkl — ZklZig = QZ51%0k — 5Zi,kzj,l (3.46)
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Figure 3.4: “Square” Straddles Diagonal

In this diagram the square has the relations 3.37 and 3.39 to relate generators in
the same row or same column. However, to relate the opposing corners of the square

we use relation 3.35 to get

Z'7 7j - 7j Z'7 = - i? j? - j7 i?
Zi k25 — 2Lj%ik q(zikzi1 — Zj1%ik)

(+=2)
= —q\9— — | %%k
q

= (1 — q2) Zi1%ik (3.47)
and relation 3.42 to get

Zijak — Ak = —q(Zijze — 21%i;)

1
= —q (qzj,lzi,k — &Zi,kzj,l) by 3.42
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= 4257k — 5Zi7kzl,j

33

(3.48)
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3.0.9 Quantum Antisymmetric Matrices

If we denote by A, the vector space of n X n antisymmetric matrices with basis
BA:{EZ‘7J‘—E]‘7Z‘|1<Z.<].§TL} (349)

then dim(A) = n(n — 1)/2. We observe that Hom,4(A,(A),C) is the set of n x
n matrices with restrictions imposed by the relations 3.35 and 3.43. If we denote
Homay(Ay(A),C) by A,, and treat it as a vector space (in other words we are

ignoring multiplication) we see its basis is
By, ={bEij —ql; |1 <i<j<n} (3.50)

where dim(A,) = n(n —1)/2 and we have A, ~ A as vector spaces. We may think

of A, as the quantum analog of the antisymmetric matrices.

3.0.10 Quantum Pfaffian

In the classical case, if A = (a;;) € Mat(n,C) is an antisymmetric matrix, it can be

written as

0 Ao A1y

—a1 2 0 cee Qg

A= (3.51)

—a1, —G3, - 0
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Also, we know there exists f € Z[z; ] such that f?(A) = det(A), (see Jacobson [2]

and Godsil [1]). This polynomial is called the Pfaffian, denoted Pf, and we write

Pf?(A) = det(A) (3.52)

Moreover, if B = (b; ;) € Mat(n,C) and we define A by

bix biso biz bia bin-1 bin
a;; = det + det + -+ det (3.53)

bjai bj2 bjs bja bjn—1 bjn

then A is antisymmetric and we have Pf(A) = det(B), see Jacobson [2].
To construct an explicit formula for Pf we define an index set II, which consists

of all ordered 2-partitions of n. In other words,

1T = {(i1, 1) (i2, 42) - - - (iny2s dnj2) 3 ik < Ji and ip < i1} (3.54)

For example, if n = 4 we have

I = {(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)} (3.55)

Notice, we can associate the elements of II with the subset of the symmetric group
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S, in the following manner

1 2 3 4 -+ n
o= €S, (3.56)

o1 2 J2 ot Jng2
for 7 = {(i1,71)(i2,J2) - .. (inj2, jns2) }. This allows us to define sgn(w) as sgn(o)
and [(7) as l(0). Now, if A = (a;;) is an antisymmetric matrix, and we let a, =

@iy gy iy o« + + Qi g,y 100 WE CAIL write

Pf(A) =) sgn(m)as (see [5]) (3.57)

mell

As an example, when n = 4

Pf(A) = a1,2a34 — a1,3a2,4 + a1,4023 (3.58)

Before we construct a quantum analog of the Pfaffian, we note that the quantum
antisymmetric generators ZZL] (resp. zfj), defined by Equation 3.26 (resp. 3.28), are
in fact quantum analogs of Equation 3.53. Additionally, we have already noted that

7 = (#f;) is a quantum antisymmetric matrix with the relation z/; = —¢z; fori < j.

(]

We now use the same index set II, to define the quantum Pfaffian as

P (2) =Y (—q) ™2k (3.59)
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L L . ...L

: - L _
using the convention that z; = z;; . zi i o2

Example 3.2. Ifn =14

Pfq(Z) = 25223{:4 — qzﬂgz£4 + q22£4z£3 (3.60)

Example 3.3. As a larger example, when n = 6
_ L L L L L L 2L L L
Pfq(Z) = Z19%34%56 — (%1 2%35%46 T 4 212736745
L L L 2L L L 3.L L L
— (21 3%94%56 T Q" Z13%25%46 — 4 Z13%26%45

oL L L 3. L L _L AL L L
T Q24203756 — Q21 a%25%36 T 4 2147226735

3.L L _L 4L L _L 5.L L _L
— (" 2573206 T 4 215724736 — 4 215726734

+ g 22 s2ns — Q2 emaass + 0 67 7 (3.61)
Regarding the notation, we will usually denote this quantum Pfaffian as Pf,.
However, in the case of possible confusion regarding the notation, we will sometimes
denote the quantum Pfaffian as Pf, (Z) to emphasize the fact that Pf, is a polynomial
of the generators of Al(A). If it is not clear from the context, we will also write
det,(X) instead of det, to remind ourselves that det, is a polynomial of the generators
of A,(X) .
In addition to the quantum Pfaffian, Pf , we will extend the notation slightly

to define some additional polynomials. First, let I = {iy,4s,...,4.} be a subset of
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{1,2,3,...,n} with r being even. We define I’ to be the set of ordered 2-partitions

of I. For example, we have

H{3’5’879} = {(Sa 5)(87 9)7 (37 8) (57 9)7 (37 9) (57 8)} (362)

Then we may define

Pfg= Y (=q)z; (3.63)

rell!
Remark 3.1. We defined the quantum Pfaffian as a polynomial of the left q-symplectic
wmvariants generated by {zzLj}, then in the following discussion we examine the right
action of Uy(g) on Pf,. We could have analogously constructed Pf, using the gener-
ators of Af(A) and then proceeded to examine the left action of Uq on Pf, However,

to simplify the explanation, it was chosen to express everything as the former.

When n = 2 it is easy to see, Pf (Z) = 5}3 = det,(X). However, this is not so

obvious for larger values of n.
Proposition 3.1. For every positive, even n, Pf (Z) = det,(X)

Proof. To show this equality, we will prove that Pf is simultaneously a highest and
lowest weight vector for the right action of U,(g). This will show Pf, to be a scalar
multiple of (det,)® for some ¢ € Z,. One way of viewing this fact is to note that if
Pf, is annihilated by all generators of U,(g) then it is a basis of a one dimensional

irreducible U,(g) module, V,*(X), which is realized by A(B_\G ; z*). But we observe
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that the only such modules are indexed by A = cA,, for some positive integer ¢. Then

by comparing degree and coefficients we will see Pf (Z) = det,(X).

Let k£ be a positive integer such that 1 < k < n. Recall the right action of

generators of U,(g) on products of elements of A,(X) (see Jing and Yamada [7]),

ph.er = (p@1).(er, ® ¢ + ¢ @ ey) (3.64)

o.fr = (0@V).(fe ® ¢ + ¢ @ fi) (3.65)

we may expand this notation to describe the following right action of e; on the

components of Pf, as

L L — L L —Ock/2 L —Oék/Z
Zalblzagbg Zan/an/Q'ek - zalbl'ek ® Zazbg‘q ® ® zan/gbn/Q'q
L ak/2 L L —ak/2
+ “aiby -4 ® “asby €k Q- Z‘ln/2bn/2'q
L ak/2 L ak/2 . L
+ 2400, -q ® Zgypy-d ® - ®Zy b, 5-Ch (3.66)
and
L L .. L _ L L —ay /2 L —ay /2
Za1b1Za2b2 Zan/2bn/2'fk‘ — Zalbl.fk ® Za2b2.q ® ® Zan/an/Q'q

L ag/2 L L L —ay /2
+ Za1b, 4 ® Zappy - & @ ® Py 2bn 2’
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+ Z£1b1‘qak/2 ® Z£2b2‘qak/2 ® e ® Z‘fn/an/ka (367)

Additionally, each of these AqL(.A) generators is a sum of quantum 2-minor deter-
minants (see Equation 3.26) in which the indices ¢ and j of z) define the rows for
each of these quantum 2-minor determinants . As such, the right action of e, and f;

on these generators can be described by the following,

ij.ek —q ' (5i,kzl€+1,j + 5j,ijL,k+1) (3.68)
Zz‘jjj'fk - q1/2 (5i,k+1zif,j + 5j,k+1zﬁk) (3.69)
and the right action of ¢*? and ¢~*/? are described by

ZiL,j-qak/Q — q%(5i,k*§i,k+l+6j,k*5j,k+l)Zi{/j (3_70)
2hy.q o = g Pt =St L (3.71)

For example
23{“4.(]‘“/2 = q1/2z§4 (3.72)

)

Before we give a detailed description of the action of e, on Pf, , we show how the
components of II may be paired, relative to the value of k. Since the components of

Pf, are indexed by all of these ordered 2-partitions, this will allow us to group the



CHAPTER 3. Quantum Symplectic Invariants 41

components of Pf, in a way that the right action of e, (and f;) will annihilate the
pairs.

We first fix & € Z such that 1 < k < n. Now if we choose any of the ordered
2-partitions, say m = (a1, b1)(az, b2) - - - (@n/2, bn/2), it must have an index r, containing

k and an index s containing k + 1. In other words, there exist r and s such that

k€ (ar,b) (3.73)

k+1€ (a5 by) (3.74)

This fixes r and s. Also contained in these (a,,b,) and (as, bs) pairs are two other
integers, v and v such that v < v. If it happens that » = s, in other words, there
exists (a,,b,) such that (a,,b.) = (k,k + 1) then we will not pair it with another
2-partition. We will show later how the right action of e; and fj already annihilate

it.

Example 3.4. Suppose n = 8 and we fix k = 5. One of the ordered 2-partitions of 11
is (1,3)(2,6)(4,8)(5,7). In this case we see that r = 4 and s = 2. We then designate

u=2andv=".

Now, with r and s still fixed, and for the designated u and v, there are precisely

three possibilities describing how k, £ 4+ 1, v and v can be ordered. These are:

E<k+l<u<w (3.75)
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u<k<k+1l<w (3.76)

u<v<k<k+1 (3.77)

For each of these possibilities we have the following,

e k<k+l<u<w

In this situation, if » # s, there is another 2-partition, 7 identical to 7 except

in the 7" and s pairs, u and v are switched.

T =(a1,b1) - (k,u)(k+1,v) - (an/2, bns2) (3.78)

7= (a1,b1) - (k,v)(k+ 1,u) - (an/2, bny2) (3.79)

If » = s then we have

T =(a1,b1) - (k,k+1)---(u,v) - (any2, bpy2) (3.80)

e u<k<k+l<w

In this situation, if r # s, there is a second partion 7 identical to 7 except in

the 7" and s pairs, k and k 4 1 are switched.

T ={(a1,b01) - (u, k) - (k+1,0) - (@ny2, byy2) (3.81)

7= (a1,b1) - (u,k+1)---(k,v) - (Qny2, bpy2) (3.82)



CHAPTER 3. Quantum Symplectic Invariants 43

If » = s then we have

T =(a1,b01) - (u,v) - (k,k+ 1) (any2, bpy2) (3.83)

e u<v<k<k+1

In this situation, if r # s, there is a second partion 7 identical to 7w except in

the r'* and s pairs, k and k + 1 are switched.

= (a1,b1) - (u, k) (v,k+ 1) (an/2, bns2) (3.84)

T = (al, bl) e (U, k + ].) e (U, k) cee (an/g, bn/?) (385)

If » = s then we have

7= (a,b1) - (u,v) - (k,k+ 1) (an/2, bns2) (3.86)

Example 3.5. Continuing with the previous example (Example 3.4), with n = 8,
k = 5 and 2-partition (1,3)(2,6)(4,8)(5,7), the other 2-partition with which this

would be paired is (1,3)(2,5)(4,8)(6,7).

Using this construction, we see that after fixing k, we may exhaustively list all of the
ordered 2-partitions of II, identifying each 2-partition as containing a pair (k,k + 1)

or as being one of the pairs just described.
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This allows us to write Pf, as a sum of components of the form

or appear in pairs such as

or

or

where (—¢)* represents an appropriate power of (—¢q) determined by (a1b;)(a2b2) - - - (@n/2bn/2).

L

L _L

L _L

L

L

- Zk,uzk+1,v ez

. Zk7vzk+17u ez

..Zu,k‘...zk-i-l,v...z

L L
..zu7k+1...zk7v...z

L
.-Zu7k’...zv7k‘+1...z

L L
..zu7k+1...zv7k...z

Zk7k+1 e Zan/Q»bn/Q

L
an/27bn/2

L
an/27bn/2

L
an/27bn/2

L
an/2=bn/2

L
an/27bn/2

L
an/27bn/2

44

(3.87)

(3.88)

(3.89)

(3.90)

The right action of e can now be calculated. In the first case, we have the index that
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contains (k, k + 1) and we have

« L L L
T Zarby """ FkkAL " Fay, 0.0, 06k

= (Zfl,bl'ek) e (Zlg,kﬂ-qf%m) e (an/Q,bn/Q-qfak/Q)
+ (%Ll,bl-qakﬂ) o (2 green) (ZaLn/Q,bn/Q-q_%m)
+ (Zfl,bl-qakﬂ) e (zlf,kﬂ-qakﬂ) e (an/%bmﬁk)
= (0) - (3@ ™) - (20000 ™)
+ (Zfl,bl-qak/z) o (0) - (an/Q,bn/Q-q_akﬂ)

+ (2o 0™2) - (2 gga-a™%) - (0)

—0 (3.91)

In the next case, with the indexes of the paired 2-partitions containing (k,u)(k+1,v)

and (k,v)(k + 1,u), we calculate the right action of e as

" Za1b1 e Zk,uzk—i-l,v e Zan/2,2bn/2
(—q) €k
“qZa1by " RRwREH LU Ray o oby o
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(Zal,bl.ek) ‘e (Zk:,u.qfak/z)(Zk_;'_l,v,q*ak/Q) e (Zan/2bn/2'q*ak/2)

+(Za1,b1.qak/2) ce (Zk’u.ek)(2k+17v,q_ak/2) ... (Zan/an/Q'q—ozkﬂ)

+(2a17b1.q0¢k/2) Ce (Zk7u'qak/2)(2k+1,v-ek) .. (Zan/zbn/g‘qiak/2>

+(Zay 1 -0?) - (2h-0*?) (2hs1.0-¢72) - - (Zan/zbn/g-ek)

_q<2a17b1-€k) e (2k,v-q_ak/2)(Zk+1,u-q_ak/2) e (Zan/2bn/2'q_ak/2)

_Q(Zal,bl.qak/2) - (zk7v,€k)(2’k+17u,q*ak/2) . (zan/an/2'qiak/2)

_Q(ZaLbl.qak/Q) . (Zk,v-qakm)(szrl,u'ek) R (Zan/an/Tq—ak/Q)

_q<2a17b1.qak/2) ... (Zk,v.qak/Q)(Zk+17u.q04k/2) Ce (Zan/gbn/2~6k)

46

From Equations 3.68, 3.70, and 3.71, this expression simplifies to the following,
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= (—q)"

(0) ce (qil/zzk,u)(qlﬂzk—i—l,v) U (Zan/zbn/z)

+(Za1,b1) T (q_1/22k+1,u)(ql/zzk—i-l,v) T (Zan/an/Q)

+(Za1,b1) T (q1/2zk,u)(0) e (Zan/2bn/2)

F(Zar) (€220 (2 20510) -+ (0)

—q(0) - -~ (q_1/2zk,v)(ql/2zk+l,u) T (Zan/an/Q)

—q(2a1,b,) "+ (q71/22k+1,v)(ql/QZk—f—l,u) T (Zan/an/Q)

_Q<2a1,b1) T (ql/Q’ZkﬂJ)(O) e (Zan/an/Q)

_q(zal,bl) T (q1/2zkﬂ})<q_1/2zk+l7u) e (0>

(Zagby) (qil/sz-l-l,u)(q1/2zk+17v) T (Zan/an/Q)

—q(Zayy) (q_1/22k+1,v>(q1/22k+1,u> T (Zan/an/Q)

Then by Equation 3.37

=0

47

(3.92)

In the next case, with the indices of the paired 2-partitions containing (u, k) - - - (k +
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1,v) and (u,k+1)---(k,v), we calculate the right action of e, as

§ Za1b1 P Zu,k I Zk+1,v I Zan/2—2bn/2
<_Q) .CL

_qzalbl e zu,k+1 ‘e Zk,v ‘e zan/272bn/2

(zal’bl'ek) .. (Zng_q_ak/Q) e (Zk+l,v'q_ak/2) e (Zan/an/z-q_ak/2)

+(Za1,b1'qak/2) .. (zu,k"ek) e (Zk:-ﬁ-l,v'qiak/z) .. (Zan/2bn/2.q7ak/2)

+(2a1.00-0"%) (k0™ ?) - (Zrpre-n) - (2, ot 00

+<Za1,b1-qak/2) e (Zu,k‘qak/2> e (Zk+1,v‘qak/2> e (Zan/2bn/2-6k)

_q(za1,bl'6k) P (Zu,k—i—l-qiakﬂ) e (Zk,v-qiak/Q) PP (Zan/gbn/g'qiak/2)

_Q(Zal,bl.qak/2> e (Zu,k+1'ek) e (Zk’v,q*ozk/Z) . (Zan/an/Q'qiak/z)

_Q(zal,bl.qak/Q) Ce (Zu’k+1_qak/2) Ce (ka_ek) ... (zan/an/Q.q—Oék/Q)

_q(zal7b1_qak/2) e (Zu,k:+l-qak/2) e (Zk,v‘qak/2) P (Zan/an/2.ek)

From Equations 3.68, 3.70, and 3.71, this expression simplifies to the following,
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(0) - (a2 zup) -+ (@ P2s10) (2 2 a)

+(zarn) (@ 2ug1) (0 2010) 0 (Zayabaa)

+(zarn) (@ 20) (0) (20, b )

+(Zarn) (@2 208) - (7 20010) - (0)

—q(0) -+ (¢ zups1) -+ (47 %20) (20 28,2

_Q<Za1,b1) T (0> T (q_l/QZk,v) e (Zan/an/Q)

—q(2a1,b,) "+ (q_l/ZZu,k—&-l) T (q_l/sz-i-l,v) T (Zan/2bn/2)

—Q(Zal,ln) o (q71/2zu7k+1) - <q1/zzkw) o (O)

(Zagby) " (qil/QZwk-i—l) T (ql/zzk-i-lw) T (Zan/zbn/2>

—q(Zar 1) (q_1/2ZU,k+1> T (q_l/szJrl,v) T (zan/an/Q)

—0 (3.93)

In the next case, with the indices of the paired 2-partitions containing (u, k) - - - (v, k+
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1) and (u,k+1)--- (v, k), we calculate the right action of e; as

§ Za1b1 P Zu,k I Zv,k+1 I Zan/2—2bn/2
<_Q) CL

_qzalbl e zu,k+1 ‘e Z’U,k ‘e zan/272bn/2

(zal’bl'ek) .. (Zng_q_ak/Q) e (Zv,k+1'q_ak/2) e (zan/an/z_q

_q(zal7b1_qak/2) e (Zu,k+1qak/2) e (Zv,kqak/Q) e (

—Otk/Q)

+(2a1,b1'qak/2) e (zu,k"ek) T (Zv,k-‘rl'qiak/z) o (Zan/2bn/2‘qiak/2)

+(za1,b1'qak/2) e (Zu,k'qak/Q) (2o preer) o (zan/an/z‘q*akﬂ)

+<Za1,b1-qak/2) e (Zu,k‘qak/2> e (Zv,k+1‘qak/2> e (Zan/2bn/2-6k)

_q(za1,bl'6k) P (Zu,k—i—l-qiakﬂ) e (zv,k-qiak/Q) PP (Zan/gbn/g'qiak/2)

_Q(Zal,bl.qak/2> e (Zu,k+1'ek) ce (Zv,k~q70‘k/2) A (Zan/an/Q'qiak/z)

_Q(zal,bl.qak/Q) Ce (Zu’k+1_qak/2) ce (Zv,k-ek> .. (zan/an/Q.q—Oék/Q)

50

From Equations 3.68, 3.70, and 3.71, this expression simplifies to the following,
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Thus,

(0) -+ (47 220p) -~ (@220 041) -~ (2, b o)

+(zarn) (@ P 2u1) (0P 20041) - (Zay aboa)

+(zarn) (@ 20)  (0) (%0, b )

F(zar ) - (0% 200) - (P2 ps1) -+ (0)

—q(0) -+ (¢ zups1) -+ (472 20) (20, 28,2)

_Q<Za1,b1) T (0> T (q_l/QZU,k) o (Zan/an/Q)

—q(2a1,6,) "+ (q_l/ZZu,k—&-l) T (q_l/sz,kz-i-l) T (Zan/2bn/2)

—Q(Zal,ln) o (qil/Qzu,k-i-l) - <q1/zzv,k) o (O)

(Zagby) " (qil/QZwk-i—l) T (ql/zzuk-&-l) T (Zan/zbn/2>

_q<zal,b1) T (q_1/22u,k+1> e (q_l/ZZv,kJrl) T (Zan/an/z)

Pfq.ek =0

ol

(3.94)

(3.95)
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A similar argument shows

Pfofe=0 (3.96)

Since Pf, is an element of A,(X) annihilated by the right action of all e; and fy,
1 <k <mn, Pf, must be generated by det,. By comparing degree and coefficients, we
see Pf (Z) = det,(X). O

Here we note the element Pf q{1,2,‘..,r} (where r must be even) provides a realization
of an element in A,(X)* N A(B_\G;z""). This follows from the fact that Pf (Z) =
det,(X) for a given n (n is even). If we increase the number of variables from n? to
(n + 2)?, the contents of this same pfaffian is increased by only two columns indexed
by n + 1 and n + 2. This is from the fact that each zzLJ factor appearing in the
construction of Pf q{l""’"} has an additional term added. This term is a quantum
2-minor determinant in rows ¢ and j and in columns n + 1 and n + 2. With this

additional term in each of the zé we can write the following

1
17"'7 — 17"'7 17"'7
Pfq{ M= 51,...,2 + ?51,...,2—2,71—&-1,71—#2

1,....,n
+ q_4§1,...,n74,n71,n,n+1,n+2

1 1,....n
+ pr 3.4,....nn+ 1,042 (3.97)

which is also an element in A(B_\G;2*") and because it is constructed as a polyno-

mial of the generators of AL(A), it is also a left g-symplectic invariant. In this manner
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3.0.11 Decomposition of X A4,(X)) and A4,(X)¥

We show the decomposition of X 4,(X)) as a right A,(G)-comodule (resp. left U,(g)-
module) and the decomposition of A,(X))¥ as a left A,(G)-comodule (resp. right
U,(g)-module. To perform this decomposition, several preliminary propositions are
presented, along with the introduction of some notational conventions. First some
notation:

We define the map ¢ from the power set of {1,2,3,...,n/2} into the power set of
{1,2,3,...,n} by

P{1,2,3,...,n/2} > P{1,2,3,...,n}

#(A) = | {20 — 1,20} (3.98)

acA

Example 3.6.

¢({1,3}) = {1,2,5,6}
o({2}) = {3,4}

»({1,3,4,5}) ={1,2,5,6,7,8,9,10}

We will use the map ¢ to construct indices for the rows and columns of quantum

minor determinants used in ¢-symplectic invariants. Our ¢-symplectic invariants will
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be constructed of quantum minor determinants whose row and column indices appear
in pairs of consecutive positive integers, in which the first of each pair is odd. As
such, the elements in the range of ¢ provide us the indexing sets for these rows and
columns. Also, in the discussion of g-symplectic invariants we use a specific set of

dominant weights. We define these as

P;\ = {)\ S Pn ; A= (:ulnulaﬂ%ﬂ'% cee 7:“71/27:“71/2)7 M € PTL/Q} (399)

Example 3.7.

(2,2,1,1) € P

(4,4,4,4,3,3,2,2,2,2,1,1) € Pjs

One of the key ideas used in the decomposition of XA, (X) and KA, (X)¥ is

presented in the following proposition by Jing and Yamada [7].

Proposition 3.2. (by Jing and Yamada [7]) Let p € P, be a dominant integral weight
and V() be the irreducible left Uy(g) submodule with highest weight yu. Then the
space of the q-symplectic invariants in VqR has the dimension equal to the multiplicity

of Vin KA, (X)).

Proof. To decompose the algebra % A4,(X)) as a right A,(G)-comodule (or left U,(g)
module), it suffices to find the singular weight vectors, i.e. the weight vectors ¢ €

KA,(X) such that e;.¢ = 0 for k = 1,...,n — 1. Since such a singular vector ¢ is
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contained in the space KA, (X) N A(X/BT; 2*) for some dominant integral weigh \ €
L,,, and generates an irreducible right A,(G)-comodule with highest weight A. Thus
if there are m, singular weight vectors of weight X in XA (X), then the irreducible
right A,(G)-comodule isomorphic to V,F(A) occurs my times in the decomposition
of ®A,(X). On the other hand, a singular vector ¢ in XA, (X) N A(X/B*;z) is
regarded as a left g-orthogonal invariant in V" (i.e. annihilated on left). Since V,*())
and VqR()\) are dual to each other, the dimension of the space of g-symplectic invariants
coincides. ]

Next, we show by construction, the existence of a left invariant in the left U,(g)-
module A(B_\G; z*). Note: although we have already shown the existence of such an
element in 3.0.10, the construction presented here gives us a form that lets us more
easily construct a bi-invariant in a later section.

We build this left invariant from elements of the following form

af =) a Ve (3.100)
J

where the sum is over all J such that #J =r and J C {1,2,...,n/2}. |J| represents
the sum of the elements of J. We first notice that when n = 2 there is only the
one element aff = fig to consider, and it is obviously in A,(X)¥. So for the rest
of this discussion we will assume n > 4. Next we notice that the columns of each
component of aff are indexed by ¢(.J). This causes the columns of each quantum

minor determinant to appear in pairs of adjacent positive integers, the first of each
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pair is odd. As a result, the action of e and f; for any odd k, 1 < k < n, annihilates

af. In other words
er.a? =0, fra®=0 for 1 <k <n,k odd (3.101)

As such,

spe(i,i).a =0, spr(i,i)a®=0 1<i<n/2 3.102
T f T

Now we need to show that af is annihilated by elements of the form sp,(i,7+ 1) and
sps(i,i + 2). Let us consider any four consecutive integers k. k + 1,k + 2,k + 3 €
{1,...,n} with k being odd. With these restrictions on k we have
k+1 k+1
SPe \ —5 T T 1) = ChlhiiChia — CCriatin

— €k41Ck12€Ck + €k12€E1 1€ + ?fk+1 (3103)
(3.104)

E+1 k+1 1 1
Spf (77 5 + 1) = ?fk+2fk+1fk - ?fk+2fkfk+1

1 1
- ?fk+1fkfk+2 + ?fkfk+1fk+2 + €kt1 (3.105)

77777

2r
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In other words,

{kk+1,k+2k+3} Co(J) (3.106)

As a result of the action of exy; shifting the k£ + 2 column to the k£ + 1 column

and the action of fi,, shifting the k 4+ 1 column to the k + 2 column, we have

erp1y =0 and  fr &5 =0 (3.107)

ey =0 and  [i&" =0 (3.108)

eria&y 5 =0 and  fria by =0 (3.109)

Thus sp. (%, % + 1) 5;5@27" = 0 and spy (%, % + 1) 5’;(”2’” = 0 for all

odd k <n - 3.

Case 2 None of these four integers is in the column index of ¢~2 ‘f;’('jfr. In other

words,

{k,E+1,k+2,k+3} C{1,....,n}\o(J) (3.110)

As in the previous case,

ey =0 and  fi&" =0 (3.111)

&y =0 and  fr £y =0 (3.112)
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€]€+2.§;7('j527‘ =0 and fk+2.£q157(-j52r =0 (3113)

So, again we have sp, (22, 2L 4+ 1) .{;’&52’" = 0and spy (B2, 5L +1) f;(J)QT -

0 for all odd &k < n — 3.

Case 3 These elements appear in pairs

q_2|‘]1‘§§1 and q_2|‘]2|§§2 (3.114)
where
{k,k+1} C Jy, {k+2,k+3}CJy (3.115)
and
J\{k, k+ 1} = L\{k+2,k+3} (3.116)

In this case we have the following actions:

for1-E5 = enerinena £, (3.117)
fer1:€5, =0 (3.118)
exs1-Es, = forafefur1 € (3.119)
ers1.85, =0 (3.120)

fi&h =0 (3.121)

fol, =0 (3.122)
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Gk.€§1 =
ek.§§2 =0

I _
fk+2‘€J1 - 0

I _
fk‘+2'€J2 - 0

I
€k+2-5J1 =0

€k+2-f§2 =0

These actions then imply

(k+1 k+1
Spe | ——

2 ' 2
E+1 k+1 B B
spy (T —— 1) g2l 4 2RIy =0

for all odd £ < n — 3. Thus, in all three cases we have

spe(i, i+ 1).aft =0, 1<i<n/2

spy(i,i+1).aff =0, 1<i<n/2

As such aff € A,(X)E.

n/2

R ), ) =0

99

(3.123)
(3.124)
(3.125)
(3.126)
(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

O

Lemma 3.2. (Ezistence) For A\ = Y my,No,, i.e, X € PA, A(B_\G;2") contains a

r=1

left q-symplectic invariant.
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n/2
Proof. Suppose A = > mo, Ay, then we define
r=1

af =[] (a)™ (3.133)

where af is defined by Equation 3.100. We see by its construction, aff € A,(X)¥ N
A(B_\G;2*). As such, each right A,(G)-comodule VF(\) has a g-symplectic invari-
ant.

O

Lemma 3.3. (Nonezistence) There does not exist a left g-symplectic invariant in the

irreducible right Uy(g)-submodule VF(X) if X ¢ P

Proof. A, (X)X is a right U,(g)-submodule of A,(X). As such, it has its own de-
composition into irreducible right U,(g)-submodules indexed by A € P, , where A is

a dominant integral weight

A,(X) =PV (3.134)

Each V,*()) is a highest weight module (Noumi, Yamada, and Mimachi [4]). Each of
these highest weight modules has a realization of as A(G/B™; 2*) with highest weight

vector of the form

o= (&)™ ) @)™ (3.135)

..........

However, because, the elements of A,(X)® are annihilated on the left by all e, and f;,

where k is odd, then for the highest weight vector vy, it must be true that A = > m,A,

r=1
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where m, = 0 when r is odd. Thus,

A% = P v, (3.136)

O

Lemma 3.4. (Uniqueness) The multiplicity of VqR()\) an irreducible right Uy(g)-

K

module, in the decomposition of A,(X)" is exactly one.

Proof. As mentioned earlier, by Proposition 3.2, the multiplicity of VqR()\) in the
decomposition of A,(X)¥ is equal to the number of left g-symplectic invariants in
A(B_\G;2*). Let v be a non zero left invariant in A(B_\G;2"), as such, it can
be written as a linear combination of weight vectors from the standard basis of
A(B_\G; 2*) (Noumi, Yamada, and Mimachi [4]).

However, since A(B_\G;z") is a highest weight vector space, there must be at
least one basis (weight) vector, 7, in the composition of v¥ for which there are no

higher weight vectors in v¥. In other words

v =nou oy, (3.137)

where the weights of vy, ..., v; are less than or equal to that of . As such, 7 must

be annihilated by all ey, where k < n and k is odd. Additionally, the elements of the
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form

o 1
spr(i, i+ 1) = ey + ? (foi1 faifoit1 — faifoim1 foiva

—faiv1foic1foi + foiv1 foifai1) (3.138)

where 1 < i < n/2, also annihilate vX, and this in turn requires that n also be
annihilated by all ey, where & < n and k is even. Therefore n must be a highest
weight vector of A(B_\G;2"), but this vector is unique up to constant multiple,

because A(B_\G;2?) is a highest weight module. So
n=cuy, ce€C (3.139)

where v}, is defined by Equation 3.135. This tells us that any non-zero left ¢-symplectic

invariant in A(B_\G; z*) must be written as
con®w B---wj, ceCc#0 (3.140)

where wy, ..., w; are lower weight vectors of A(B_\G;2?).
Now assume there is more than one left quantum g-symplectic invariant in A(B_\G; 2*),
say v and w’. Each of these may be written as a sum of standard basis elements,

each including a non-zero term for the highest weight vector vy. In other words, they



CHAPTER 3. Quantum Symplectic Invariants 63

may be written as

vE = couy + o1 F g+ v, o #0 (3.141)

U}K = koU,\ + d11)1 + dQUQ + -+ dej, k(] 7£ 0 (3142)

Since the linear combination of any left ¢g-symplectic invariant is also a left g-symplectic

K is also a left g-symplectic invariant

invariant then it must be true that kov® — cow
in A(B_\G; 2"). If kov® — cow® # 0 then we have a contradiction to the requirement
that any left g-symplectic invariant in A(B_\G; 2*) has a nonzero vy component. On
the other hand, if kgv® — cow™ = 0 then w’ is a constant multiple of v¥. Therefore,
any left g-symplectic invariant in A(B_\G;2?) is unique up to a constant multiple.

O

The following proposition summarizes the Lemmas 3.2, 3.3, and 3.4.

Proposition 3.3. The space of q-symplectic invariants in the right A,(G)-comodule

n/2
V() is one dimensional if and only if i = ;mQTAgr, in other words, u € P

Otherwise there are no q-symplectic invariants in VqR
By Proposition 3.2 we may then summarize our results with the following theorem

Theorem 3.2. The irreducible decomposition of A,(X)* as a right U,(g)-module is
given by

4,05 = P v, (3.143)

AePA
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similarly A, (X), as a left U,(g)-module has the irreducible decomposition

KAa,X) = B Vi (3.144)

AePA
Where P2 is defined by 3.99.

Proposition 3.4. The space AY(A) = Ay(X)K, (resp. ®A,(X) = AF(A)). As such,
AL(A) (resp. AR(A)) also have the decompositions as a right (resp. left) Uy(g)-

modules,

ALA) = P VW (3.145)

A
AePs,

AfA) = P VY (3.146)

,\eP;\/2

Proof. From its definition, we already have A(A) C A,(X)¥. The elements,
P qu described by Equation 3.63 provide a formula for explicitly constructing a left
U,(sp(n,C)) invariant in A(B_\G; 2*) for any . As such, A,(X)* C AL(A), and we

have AL(A) = A (X)*.

3.0.12 Bi-invariants

In this section we define a subalgebra of A,(X) by the intersection of A¥(A) and
AQL(A). Defined in this way, this space is annihilated on the left and right by

U,(sp(n,C)). We then proceed to show that this algebra is really C[sq, ..., s,/2]5/2,
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the symmetric algebra of n/2 variables. To start, we define Azp, as
AZP - AIJR(A) N Ag(A) - @AZPQma (3147)
m=0

Recall, the polynomials of A(A) and A} (A) have even degree so it has the natural
grading into the subspaces Azpapm.

Now we define

_ I

B - Zq2(|n |J|)§§(<J>), 1<r<n/2 (3.148)
1,J

where the summation runs over all subsets I and J of {1,..., 5} and #I = #J =r.

Here, || and |J| are the sums of the elements of I and J respectively.
Lemma 3.5. E, € Azpa,

Proof. If we examine the component of E,. that is obtained by holding I fixed at
I = {1,2,...,r}, we see that this component is precisely aff, defined in Equation
3.100. As such, this component is invariant under the left action of U,(sp(n,C)).
The remaining components of FE, (the components obtained by fixing I at other
values) can be obtained by the right action of U,(g) on a. Since A,(X)¥ is a right
submodule of A,(X) these other components of E, must also be left invariant. Thus,
E, € A,(X)¥. Similarly, we see that the component of E, associated with the fixed
J =1{1,2,...,n/2} is in ®A,(X) and likewise the other components of E, can be
obtained by the left action of U,(g). Thus, E, € K A,(X). Since E, has degree 2r (by

its construction) and E, € Af(A) N AqL (A), it follows that E, € Azpa,. d
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Theorem 3.3. The algebra Azp is generated by E.(1 < r < n/2) and the algebra

Azp is isomorphic to the algebra of symmetric polynomials of n/2 variables;
T AZP = C[817...,8n/2]8"/2 (3149)

Proof. Because of the decomposition given in Proposition 3.4, the dimension of the

bi-invariant space associated with each A € P must be exactly one. Since the degree

of the polynomial in each of these bi-invariant spaces is Zn: Ak, the dimension of Azp oy,
k=1

can then be calculated as the number of partitions in P2 of 2m. As these partitions

are in P we may also consider this as the number of partitions of m whose number

of parts is less than or equal to n/2. Adopting the notation of Jing and Yamada [7]

we denote this by p,/2(m).

Consider the restriction of the projection map 7w to Azp
7y Agp — AL (H), (3.150)
where A (H) = C[ty,...,t,]. Then Ker(r}y;) = @ Ker(ry,,), where
r=0

T+ Azpar — Ag(H). (3.151)

Similar to the proof by Jing and Yamada [7], the monomials E,. E,, ... E,, (r <ry <

... < 1) have the degree 2(r; + 19 + ... + 1) and are linearly independent over C.
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As such the space of degree 2m spanned by these monomials has dimension p;,/2(m).
This shows that the space Azp is generated by FE, (1 <r <n/2).

Additionally, the map 77 ,, acts on the generators of Azp in the following manner

w'(E,) ==’ (Z & ) (3.152)

= Z (t2i,—1t2i, ) (t2ip—1t2iy) = - - (t2i,—1t2i,) (3.153)
I
£0 (3.154)
where the sum runs over all subsets I of {1,2,..., 5} and #I = r, thus Ker(ny,,) =

(0). Another way of viewing this is that each of these E, has monomials which are
products of diagonal elements. As such, w(E,) # 0 for 1 <r < n. Thus we have the

isomorphism

Azp = Cl(tity), (tsts), . . ., (tn_1tn)]°/? (3.155)

= C[Sl,Sg,...7Sn/2]S”/2 (3156)

where we let S; = tgi_ltgz‘. O



Appendix A

Proofs for the Left Action of

Uqy(sp(n,C)) on Aé(A) Generators

iy (] i,J
Lemma A.1. ¢;.§ = 5k+1,r5k;,s + 5k+175§“7k

Proof.

ek-fiji = €k~(iﬁi,ri€j,s - qxi,sxj,r)
—(er © 2 + ¢ @ er) (wir @ 155 — qTis © ;)
=((id® ek)(xi,l Ry, +Ti2Q@Top+ ... +Tip & $n,r)
® (id @ ¢~ ) (21 @ T16 + Tj2 @ Tag 4 ..+ Tjn @ Tns))
+ ((id® qak/z)(%ﬂ QT+ Tia@Top+ oo+ Tiy @ Tpy)
R (1d®ep)(Tj1 @ T1s+Tja@Tas+ ... + T @ Tps))
—q((1d ® e)(Ti1 @ T1s+ Ti2g @ Tos+ ...+ Tin @ Tps)

68
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® (id ® ¢ ) (251 @ T1p + Tjo @ Top + ... 4+ Tjp @ Tny))
+ ((Zd ® qak/Z)(xi,l & T1,s + L2 & T2s +...+ Tin & J;n,s)
(024 (Zd & ek)(xj,l & L1,r + Ij}g (024 Zor + ...+ .77]',” & xn,r)))

—Ok,stOkt1s Spr —Ok+1,r
= 0k t1Tik © ¢ 2 Tjs+4q 2 ® O k+1%j

=g rtOkt1,r Ok,s0k+1,s

+q (5s,k+1xi,k ®q 2 Tjrt+q 2 Tis @ 5r,k+1$j,k>

—5k,5+5]€+1,5 5k,s_5k+1,s
= O jot1 | Tik®jsq 2 =TTk 2
S r—Okt1,r Ok tOkt1,r
+ 5s,k+1 TirZjkq 2 — 4T kT4 rq 2

— 1,3 1,3
- 6k+17r6k,8 _'_ 5k+1»5£r,k
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Lemma A.2. f;. Z;; = (5;6,,“5,1’11’5 + (5;{735:’7{;“

Proof.

fr- ii = fk-(95i,rllfj,s - Q%,sl'j,r)
=(fr®q ™+ ¢’ ® er) (Tip @ x5 — q55 @ T4,)
=((id @ f1.)(Ti1 @ X1, + Tig @ Top + ...+ Tiy @ Ty
@ (id ® ¢ ) (251 @ T16 + Tjo @ Tog 4 ..+ Tjp @ Tpy))
+ ((id® qa’“/2)(x¢,1 QL1+ Tioa @ Ty + oo+ Tiy @ Tpy)
® (id @ fi)(Tj1 @ Ty + Tjo @ Tas+ .. + Tjn @ T s))
—q((d® fr) (i1 @T1 s+ Tia@Tos+ ...+ Tin @ Ty s)
@ (id @ /) (251 @ 10 + Tjo @ Top + oo+ Tjp @ Tpy))
+ ((id® qak/Z)(iﬂm R@T1s+ Ti2Q@Tos+ ...+ Tin® Tps)
® (dQ fi) (@1 @1y +Tj2Q@Top+ ...+ T @Tpy)))

76k,5+6k+1,5 ak,r75k+l,r
= 0r kTik+1 Q¢ 2 Tjs+4q 2 ® O kT kt1

76k,7'+6k+1,7' ék,376k+1,5

—q (6s,kxi,k+1 & q 2 Tjr+4q 2 Tis ® 5r,kxj,k+1>

= Ork \ Tik+17;5sq 2 — 4T 5T k14 2
S r—Sktl,r Sk, r k41,
+ 05k (wi,rxj,kJrlq 2 — 4T k+1T5,rq :

— 1, 1,
- 6I€,T€k+175 + 5kvs€T,k+1
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(i4j—2k—3)/2 ¢t
q Sphior K even
Lemma A.3. ¢;.z/; = -
0, k odd
Proof.
n/2
r=1
n/2
= Z Q(HJH_M)/Q (5k+1,2r—1€]i:]2r + 5k+1,2rf;’g,17k)
r=1
(
- q(z+J+1f(2k+4))/2£]Z€,’]2T’ k=92 —2
q(i+j+1_(2k+2))/2€;;~j—l,k7 E=9r —1
(
q(i+j+1_(2k+4))/gf;?,]k+27 k even
\ q(i+j+1—(2k+2))/2§]?’]k7 k odd
.
- q(i+j72k73)/2§2,7]k+2’ L even
0, k odd
\
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0, k odd
Lemma A .4. fk.zfj =
q(i+j+1_2k)/251?11,k+1a k even
Proof.
n/2
ferlty =D IR G,
r=1
n/2
= g (G &y + Okl )
r=1
(
q(i+j+1*(2k+2))/%Zﬂrlm7 k=92 —1
0 q(i+j+1—2k)/2€;f_1’k+l’ k=2r
(
_ q(HjH_(%H))/Q&imﬂ7 k odd
\ q(i+j+1—2k)/2§]i€,i’l7k+17 kL even
(
0, k odd
C](i+j+1_2k)/2511{1,k+1a k even

\
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Lemma A.5. sp.(k,k+1).2}; =0

Proof

L
spe(k, k +1).2;; = [eap—1€0xC2k 1 — Cop—1€2k11€2%

)

-2 L
—€2k€2k+1€2k—1 T €2k4+1€2kC2k—1 T+ ( ka] Zi

= [—sz—162k+1€2k + q_szk} ZZL]

(i+j—4k—3)/2 (i+j+1—4k)/2£i,j
2

i, -2
—q €2k—162k+1~§2k,2k+2 +4q °q k—1,2k+1

(i4j—4k—3)/2 (

_ _ i, 1,5
=q €2k—1€2k+1-52k,2k+2 + §2kz—1,2k+1)

_(i+j—4k—-3)/2 (] i,J
—q(l ! 4 (_€2k—1,2k+1 +§2k—1,2k+1)

=0
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Lemma A.6. sps(k,k+1).25; =0

Proof.

spy(k, k + 1)-21% = [€2k + ¢ *(forsr for fon—1 — fors1 fou—1for
—forfor—1forr1 + for—1fornfors1)] ZZL]

= [ear — ¢ forr1 for—1for] ZZL]

(¢+j—4k—3)/2£i,j =2 (i+j+1-4k)/2

=dq 2k2kt2 — 4 4 f2k+1f2k—1‘§;’igf1,2k+1

_ (i4j—4k—3)/2 [ ¢i] b
— (i )/ ( Shokr2 f2k+1f2k—1-§2k—1,2k+1)

(i+j—4k—3)/2 ( (]

_ i,J
=q 2k,2k+2 £2k,2k+2)

=0



Appendix B

Proofs for Relations of Quantum

Antisymmetric Generators

Proposition B.1. z;; = _%Za}i where 1 < j

Proof.

2—2xk (

g\l
I
NE

q Ti kT jmtk — QT mtkTjk)

i
I

[
NE

1
2—2xk
q ((q - E)ximﬁ-k:ﬁj,k + TjmtkTik — QTim+kTjk

=
Il
—

[
NE

1
2—2xk
q (_gxi,m-l—kxj,k + T makTik

o~
Il
o
3

— _ 2—-2xk (

q TjkTim+k — qxj,erkl“i,k)

k=1

< |

1
= %

5
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O
Proposition B.2. z;;, =0
Proof.
m
2—2k
Zii = E q (xi,Qkflaji,% - q$i,2k1‘i,2k71)
k=1
m
2—2k
= Z q (qTionTiok—1 — qTi2kTi2k—1)
k=1
=0
O

Proposition B.3. z;;2;; = 2;,2; where 1 < j

Proof. Here we will use the previously established relation, B.1 , (and without loss

of generality the assumption is made that i < j).

Ri,jRji = T RiRg
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Proposition B.4. z;;z;, = 212, wherei < j <k <l

Proof.

Zil%5k (Z ¢ 25523 125> (Z ¢ 2t€2t 12t>

t=1

_ 225 4,0 2-2t 05k
= E <q 2371,25) <q 2t71,2t>

1<s,t<m

_ 225 ¢#1,l 22t 2—2s 22t ~j,k
= E (q 2571,23) ( 2t 12t> + § ( 25 125> (q 2t71,2t)

1<s=t<m 1<s<t<m

+ Z < asgpl 123> ( S 12t>

= Z < . 28523 125> ( - 2t£2t 12t> + Z ( - 28525 12s> ( - thzt 12t>

1<s=t<m 1<s<t<m

—92s ‘Jg
+ Z ( e 12t) (q2 2 %5—1,23>

1<s<t<m

Then by using C.1, C.2 and C.3

_ 2-2t ¢4,k 2-25 41,1
= E (q 2t71,2t) <q 25—1,2s

1<s=t<m
+ Z < et 12t> ( g 125)
1<s<t<m
1
+ (q— 5) Z < Rl 125) < gy 12t>

1<s<t<m

1 .
—q (q — a) Z (q272t ;’t]fl,Qt) (quzs §§21,25>

1<s<t<m
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+ Z < 2asglk 123> ( S 12t>

1<s<t<m
1
- (q_ _) Z < - 25525 223> ( > 2t€2t 12t>
q 1<s<t<m
1 2—25 ¢1,5 2—2t +k,l
+q (q - —) Z (q ’ ;tjfl,Qt> (q 2571,25>
q 1<s<t<m
= Z < - Qtfzt 12t> < - 28525 12s>
1<s=t<m
22t 2-2
+ Z < & 12t> ( *Cos- 125>
1<s<t<m
2—2t #5,k 2—25 ¢4,
+ Z (q ' %t71,2t> (q ’ 5571,2s>
1<t<s<m

= Z ( . 2t§2t 12t> ( - 28523 123>

1<s,t<m

= (Z Q2 Qtf% 12t) (Z - 25525 125)

t=1 s=1

= Zj k%]l
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Proposition B.5. z; ;21 = qzir2i; where i < j <k

Proof.

Fij ik = (Z L 12s> <Z ¢ Qtf% 12t)

t=1

_ 2—2s i?j 2—2t i,k
= E (q 2571,25) <q 2t71,2t)

1<s,t<m

. 2—25 ¢1,J 22t 2 2s 2—2t i,k
= E (q 2571,25) < 2t 12t) + § 25 123) (q 2t71,2t>

1<s=t<m 1<s<t<m

+ Z (¢ 6 1.25) ( Rk 12t>

= Y (@ el (@Teha) + Y (@6l (e

1<s=t<m 1<s<t<m

22t 925 pik
+ E vl 12t) (q 23—1,23>

1<s<t<m

(by C.4, C.5 and C.6)

=q Z ( e 12t) (q2728 ;"sjfl,Qs)

1<s=t<m
+4q Z ( Y 12t> (¢~ 3y 125)
1<s<t<m
1
+ (C]—5> Z ( > 2t€25 125) ( . 2s§2t 12t)

1<s<t<m

1 4 .
+ - Z (q%% ;,skfl,Zs) (q272t ;2{1,21&)

1<s<t<m



APPENDIX B. Proofs for Relations of Quantum Antisymmetric Generators 80

=q Z (92_%5;%}9—1,%) (92_255;15—1,23) +q Z <q2_2t§§tk—1,2t> <q2_255;;j—1,25)

1<s=t<m 1<s<t<m

+4q Z (q%%gf—ms) (767 101)

1<s<t<m

= Z q <q272t ;}]il,zt) ((12728 ;g—l,2s> + Z q (Q%Qt ;216—1,215) (q2728 ;;j—l,Qs)

1<s=t<m 1<s<t<m

+ Z Q<q2_2t§;ﬁ1,2t> (q2_2853’sj71,2s)

= Z Q<q2_2t§;}k—1,2t) (QQ_QSf;g—ms)

1<s,t<m
_ 22t #i,k 2—25 ¢1,]
=q E (q §2t—1,2t> (q 525—1,25)
1<s,t<m
m m
_ 2-2t ik 225 ¢4,j
=dq E (q x2t—l,2t> E (q 25—1,23)
t=1 s=1
= {4z k%
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Proposition B.6. z; 12, = zj2i 1 + (q — %) 2125 Where 1 < j < k <l
Proof

m

_ 2—2s 2—2t
Zi k%51 = E q 525 1,2s E q fzt 1,2t

o 2-9s 2-9¢
= E q 525 1,254 f2t 1,2t

1<s,t<m

- 2 2s 29t 2-9s 2-9¢
= E 525 1,259 f2t 12t+ E q 525 1,254 €2t 1,2t

1<s=t<m 1<s<t<m

2—2s 22t ¢#5,0
+ E q fzs 1,254 2t—1,2t

1<t<s<m

_ 2 25 22t 2 2s 29t 04,1
= E 525 1,254 £2t 12t T E 525 1,254 2t—1,2t

1<s=t<m 1<s<t<m

g% 2-2¢
+ E 525 1,254 §2t 1,2t

1<s<t<m

Then by C.13, C.15 and C.16 we get

2-2¢ 2-2
= Z §2t 1,2¢4 8523 1,25

1<s=t<m

+ (q— 5) Z ¢ 1250 el 1,2t

1<s=t<m

% 9-9s pik
+ E §2t 1,2¢4 25—1,2s

1<s<t<m

1
+ (q— &) Z R 120" s 1,25

1<s<t<m
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1
+ (q— &) Z e 1250 et 1,2t

1<s<t<m
2-2¢ 2-2s
+ (C] — —> E q th 1,2¢4 525 2,25
1<s<t<m
4 2 23€ 29t pisk
251,259 2t—1,2t
1<s<t<m
1
2 2t 2-2s
+ (— —q E €2t 1,2t4 fzs 1,25
q 1<s<t<m

2-2¢ 2-2
= Z f2t 1,2¢9 5525 1,25

1<s=t<m

2-2t 2—2s i k
+ E q £2t 1,2¢4 251,25

1<s<t<m

R 2-92t
+ E 523 1,254 §2t 1,2

+ (C]— —> Z ¢ 12507 et 1,2t

1<s=t<m

1 2-2 2-925 pjk
+ (q— —> Z " 1200 €1 2

1<s<t<m

1
+ (q— 5) Z e 1250 gtk 1,2t

1<s<t<m

2-2¢ 2-2
= Z fzt 1,2t4 8525 1,25

1<s=t<m

2-2t 2—2s i k
+ E q 521: 1,2¢4 251,25

1<s<t<m

% 2-2s
+ E §2t 1,2¢4 fzs 1,25

1<t<s<m
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1
+ (q— &) Z e 1250 et 1,2t

1<s:t<m
2-92¢ 2-2s
(C] - —> E q 5215 1,2t4 525 1,2s
1<s<t<m
+ _1 292t #i,l 2-92s 04,k
q q 2t—1,2¢4 25—1,2s
q 1<t<s<m

2-2¢ 2-2
Z §2t 1,2t9 8525 1,25

Jgt<m

(q— —) Z e 28525 125q2 2t€2t 1,2t

1<s,t<m

= (Z e 2t§2t 12t> <Z ¢ 28525 125)

+ (q— —) (i ¢ 125) (Z ash 1%)

1
= Zji%ik + <q - 5) Zi %]k



APPENDIX B. Proofs for Relations of Quantum Antisymmetric Generators

Proposition B.7. z; jz,; = 21,12 + <q —

k<l

Proof.

Rij %kl

m

ZQQ 25523 1,25 ZQQ 2tfzt 1,2t

2-2s 2-2t
E q 523 1,254 th 1,2t

1<s,t<m

2-92s 22t ok,
E q fzs 1,254 2t—1,2¢

1<s=t<m

P 2-2t okl
+ E fzs 1,254 2%—1,2t

1<s<t<m

+ Z ¢ 125077 e 1,2t

1<t<s<m

2-92s 29t ok,
E q 525 1,254 20—1,2¢

1<s=t<m

P 2-92t
+ E fzs 1,254 §2t 1,2t

1<s<t<m

+ Z 7 2t52t 12tq2 28525 1,25

1<s<t<m

22t 2—25 ¢1,]
E q fzt 1,2¢4 25—1,2s

1<s=t<m

1
+ (Q_ 5) Z S L5l el 1,2t

1<s=t<m

—q (q— —) Z ¢ 286% 125(]2 2t52t 1,2t

1<s=t<m

84
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2% 2-2¢
+ E §2t 1,2t4 525 1,25

1<s<t<m
+ <q— —> Z L 1250 e 1,2t
1<s<t<m
1 2-2 2—2s ¢,k
+ <q - —> Z gl 120 €128
q 1<s<t<m
1
—q (q— —) Z - 2t§2t 12tq2 28525 1,25
q 1<s<t<m
2-2 2-2
—Q(q——) Z q 8525 1,254 t£2t 1,2t
q 1<s<t<m

7~ 22t ¢i,j
+ E 525 1,254 21,2t

1<s<t<m

2-2t 2-2
= Z f2t 1,2t4 S§QS 1,2s

1<s=t<m
29t 295
+ E q 5215 1,2¢4 525 1,25
1<s<t<m
s 22t ]
+ E 525 1,254 2t—1,2t
1<s<t<m
2-2s 29t
+ (C] — —) E q 525 1,254 52t 1,2t
1<s=t<m
925 29t
+ <q— —> E q 525 1,254 fzt 1,2¢
1<s<t<m
e 225 0,1
< ) fzt 1,2¢4 25—1,2s
1<s<t<m

1 S
—q (q - —) 2 2 525 123(12 Qtfzt 1,2t
1<s=t<m

—q (q ) Z ¢ 28525 125612 2t52t 1,2t

1<s<t<m
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1 S
—C_I(q_g) Z - 2t§2t 12tq2 ? 523 1,25

1<s<t<m

2-2t 2—2s
E q fzt 1,24 625 1,2s

1<s=t<m
2-2¢ 225 ¢4,]
+ Z ¢ 1ol 10
1<s<t<m
2-2 2-2
+ Z e 1,2t4 &yl 1,2
1<t<s<m
1 2-2 2-2
+ (q— —) Z ey 1,24 (e 1,2t
q 1<s=t<m
1 2-2 22t ¢l
<q - —> Z q 8525 1,259 Si—1.2t
q 1<s<t<m
1 2-2 2-2
+ (C] —) Z G 1,254 (e 1,2t
q 1<t<s<m
1 2-2 2-2
q— 5) Z q szs 1,254 tfzt 1,2t

1<s=t<m

1<s<t<m

2-2 2-2¢
Z 8523 1,259 ng, 1,2¢

1<t<s<m

1 "
—q (q - 5) Z g Losd R o

2-2t 2-2s
E q f2t 1,2¢9 525 1,2s

1<s,t<m

(q— —> Z ¢ 28523 125612 2t£2t 1,2t

1<s,t<m

2-2 2-2t ¢k
(q——) Z q 8525 1,259 ' %tfl,Qt

1<s,t<m
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m m
22t ¢kl 2—25 ¢4,J
= (Zq §2t—1,2t) (Zq 8523]—1,25»)
s=1

t=1

1\ (& g moo
+ (C] - 5) (Z ¢ 527::—1,25) (Z ¢ 2t§%2l—1,2t>
=1

s=1

1 995l ootk
—q (q - 5) (Z ¢ 52;—1,2s> (Z ¢’ 2t€%2—1,2t)
=1

s=1

1 1
= Zki%ij; + (q — ;) ZikZjl — q (q - &) Zi 1%k

or by B.1

1 1
= Zki%i; + (q — ;) Zi k%1 + (C] - 5) Zi 12k, j
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Appendix C

Relations of Quantum 2-Minor

Determinants

The quantum antisymmetric generators z; 1, 212, ..., 25, are defined in terms of cer-
tain quantum 2-minor determinants. Therefore, to calculate the relations for the
quantum antisymmetric generators, the relations for these quantum 2-minor deter-
minants had to be calculated. This part of the appendix is a catalog of the relations
of these particular quantum 2-minor determinants and the associated calculations.
In the following, each relation is stated in a general manner, in other words,
using generic indices on the variables. Then to give a visual interpretation of the
determinant, a portion of the matrix X = (x;;) is shown. In this picture, the circled
variables are the variables of the first quantum 2-minor in the product. The variables

of the second quantum 2-minor are displayed in squares. Shown here are the relations
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that are relevant to the algebra of quantum antisymmetric polynomials defined in
Definition 3.1. No claims about other possible relations between these quantum minor
determinants are made here. Additionally, given two quantum determinants, there
may be many equivalent ways of stating how they multiply, for example, see C.13
and C.14.

Regarding the following calculations, no claim is made that they are the shortest
most efficient calculations. There are many (and probably better) ways to prove these

relations.
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C.1 Quantum minor determinant relations associ-
ated with z;;z;;, where 1 < j <k <

Proposition C.1. Given the quantum minor determinants ff,ls and &f where 1 <

j<k<landr<s

. xk,r"' .fL'kS...

Figure C.1: Relative positions of ol and §Z:§

r,s

then
il 7.k Ik ~,l
Enslls = 6560, (C.1)

Proof.

fi’,lsﬁﬁjf = (@i, 1,5 — C]%‘,sxz,r) (%,wk,s - qﬂﬁj,sxk,r)

= TirXsTjrli,s
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— 4Ty X 5T s T r
— 4T 5T r L5 T s
2
+ q TisXlyrLjsli,yr
1
=Ty — = q | TjsTy + LTjrZls| Tk,s
q
- xi,rxj,sxl,sxk,r
— L sTjrLlrLk,s
2
+ q TjsjsTlyrL,r
1
= | = 4| TipZjsTlrTk,s
+ Lirljrll s, s
— Xy Lj sl sThk
— T sLjrLrL,s

2
+ q xi,sxj,sxl,rxk,r

1 1
= (_ - Q) |:<q - _) TjrLis + $j,s$i,r:| Lk,sTlr
q q

+ xj,rxi,rxk,sxl,s

1 1
- |:(q - E) xj,rxi,s + -Tj,sxi,r:| |:(5 - Q> mk,sxl,r + xk,rxl,s

- xj,rxi,s$k,sxl,r
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2
+ q Tjslislkrlly

=\—-—4q q— — | TjrZisliksTlyr
q q

1

+ (_ —q | XjslirTksliyr
q

+ LjrLirlk skl s

( 1) (1 )
—(q— -~ — —q ) TjrZTisTksTir
q q

1
- (q - 6 LjrLisTkrlls

1
- (5 —q ) TjslirZislir

- xj,sxi,r$k,rxl,s
— Xl Tk sTl

2
+ q Tjslislkrllyr

=TjrT;irTi,slls
1
— |\ 9= = | XjrZisTkrlls
q
— X s r Lyl s
— Xl sTh,sT]

2
+ q xj,sxi,sxk,rxl,r
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1
= Tjr |:(q - 5 Tk rLis + Lk,sLir| Ll s

1
- (q - 5 LjrZisTkrlis

- mj,sxi,rxk,rxl,s
— X4 Tk sTlr

2
+ q TjsTislkrlly

= Tjrlkslirlls

1
+ q— 5 xj,rxk,rmi,sxl,s

1

— |\ 9= = | XjrZisTirlis
q

— QT T sTi sl

— QT sVl rTirTls

2
+ q Ij,sxi,sxk,rxl,r

=TjrTk,slirlls
— 4T Tk sTisLlr
- qmj,sxk,rxi,rxl,s

2
+ QX sTi s Tk Ty

= (xj,rxk,s - qxj,sxk,r) (xi,rxl,s - qxi,sxl,r)
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g,k ¢i,l

r,8 57,8

94
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Proposition C.2. Given the quantum minor determinants ff,zé and 5?5 where 1 <

j<k<landr<s<t<u

xi,t :Ci,u”-

‘Tj”, SE]"S e xj,t e sz,u e

J}k’r xkﬁ xk,t Ik,'u,"'

@@ xl,t xl,u

Figure C.2: Relative positions of €4 and Q’f

7,8

then
i k ki, 1tk i, ,
gr’,i g,u - g,ufr,ls + (q - 5) i,i tu q (q - 5) ft,le f,sl (CQ)

Proof

il ¢hk _
r,sStou T (‘(Eiﬂ”xlvs - qxi,sxlﬂ“) (Ij,t$k,u - qxj7u$k7t)
= TirTsTjtLku

— QT r T 5Tyl t

— QT s r Xt

2
+ QX T Tj Ty
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= TirTjtllsThku
— QT r T L) st
- qxi,sxj,txl,rxk,u

2
+ QT T Xy Thet

1
= {(q - 5) TjrTit + xj,tmi,r:| Tl uTls
1
—q q— 5 LjrLin + Ljulir| Tktlls

1
—q KQ - a) TjsTit + zj,txi,s} Tl ullr

1
+ ¢ {(q — 5) TjsTin + %’,uiﬁi,s] Tht Ty

= TjtLirTkull,s
- qxj,uxi,rajk,tl'l,s
— 4T tX; sThuLlr

2
+ q TjulisTktLlr

1
+ (q - 5) LjrXitlkulls

1
—(q (q - 5) TjrZiulktlls
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1
—dq (q - 5) L5 sTitLlkullr

5 1
+q | q— 5 XjsTiuTht Tl

1
= Tjt [(q - 5 Tiulhkyr + Thulir | Tis

1
— 4T |:(q - 5) Ti4Thr + xk’t.flfi’r:| Ty s

1
— 4T [(q - 5) TiuTh,s 1 xkuxzs:| iy

1
+ q2xjﬂl |:(q - 5) LitLk,s + xk,txi,s:| Xy

1
+ (q - _) LjrXlslitThku
q
1
—q\q— 5 TjrLl,sTiulhkt

1
—q (q - 5) L sTlrLitlk

9 1
+q | q— 5 XjsTlrTiulh,t

= (xj,txk,u - qxj,uxk,t)(xi,rxl,s - qxi,sxl,r)
+ (q - _) (T, — qTjuTit) (T Tis — GOk sT1r)

+ (q - 5) (xjﬂ“xl,s - qxj,sxl,r)(xi,txk,u - qxi,u$k,t>

= (xj,txk,u - qxj,uxk,t)(xi,rxl,s - qxi,sxl,r)
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1
—q (q - 5) (xi,txj,u - qxi,uxj,t)(xk,rxl,s - qu,sxl,r)

1
+ q— 5 (xj,rajl,s - qxj,sxl,r)(xi,tajk,u - qxi,uxkz,t)

o N N

7k (N 5 Zak 2, 9

=&, & + (q — —) glen —q (q - —) R
q q
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Proposition C.3. Given the quantum minor determinants ffi and §Z:§ where 1 <

j<k<landr<s<t<u

,f(}'i’s e

LE&S

,I‘l,S

Tip -
Ljr Tjs
Thl|- -
Typ -

mk,t PR

o

,I'k’u

o

Figure C.3: Relative positions of SEJZ and &l

then

0l eik _ egk et
tugrs - -

r,s St,u

Proof.

1\ o 1 i,
(q - 5) &+ (q - 5) P (C.3)

(@i 1@ — qTiaT1e) (TjrThs — QTjsThr) = TitT1uTjrTh s

— 4Tt T L s Tk r
— 4Ty Tt T r T s

2
+ q TiuZitljsTk,r



APPENDIX C. Relations of Quantum 2-Minor Determinants

1
=Tt |:(5 —q | T1rTjn + TjrZiy| Tk,s

1
- qaji,t |:(5 - Q) xl,smj,u + xj,sxl7u:| mk,r

1
— 4T [(5 - Q> xl,rxj,t + mj,rxl,t‘| Tk,s

1
+ T KE — q> Ty sTip + xj,sxl,t:| Thor

=TitLjrLiuLk,s
- qmi,txj,sxl,uxk,r
— 4T uTjrll Lk, s

2
+ QT T s T Tk

q

1
—dq (_ - Q) TitXjull sThk,r
q
1
—q E —q | TijuljtTrThs

5 (1
+q a—q Tiuljt X1 sTh,r

1
= TjrLit |:(a —q | T1,sTku + Tk,sTl

1
- qszsxlyt |:(6 - Q) xl,'r'xk?,u + xk,rxl,u:|

1
— 4T T [(5 - Q) TysTrt + xk,sxl,t:|

1
+ <_ —q | TitXjullrLhs
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1
+ q2xj,sxi7u {(5 - Q> Tp Tt + :Ek,rxl,t:|
1
+ 5 —q (Ii,tmj,u - qxi,uxj,t)(xl,rxk,s - qml,sxk,r>

=XjrLitLk sl
- qxj,sxi,txk,rxl,u
- qxj,rxi,uxk,sxl,t

2
+ q xj,sxi,uxk,rwl,t

1
+ (5 - q) TjrXip Y s Thyu
1
—q a —q | X5 s tXrThu
1
—q a —q | TjrTiullsTkit

5 (1
+4q 5 —q ) TjsTiuTlrTht
1
—\{4q—- 5 (xi,txj,u - qxi,uxj,t)(xl,rxk,s - qxl,sxk,r)

= TjrLk,slitl]uy

- qxj,sxk,r'ri,txl,u
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— 4Ty Tk sTiullt

2
+ q TjsTkrTiullt

1
+ (5 - q) TjrZlsTitThu
1
—q\| — — 4| TjsTrTitThu
q
1
—q 5 —q | TjrTsTiulkt

, (1
+4q 5 —q | T sy T 0Tl
1
—|q— P (@i 420 — QT 0% ) (T Tk — QT 5T p)

:(xj,rmk,s - qxj7s$k,r)(xi,t$l,u - qzi,uzl,t)
1
+ 5 —q (:Ej,rxl,s - qxj,sxl,r)(mi,txk,u - quﬁk,t)

1
- (q - 5) (@420 — QT 0% ) (T Tk — QX1 5T p)

:(xj,rxk,s - qxj,sljk,r)(xi,tml,u - qxi,uxl,t)
1
—{9q— 5 (xj,’rxl,s - qxj,sxl,r)(xi,txk,u - qxi,uxk,t)

1
+qlqg— p (1% ju — QTiu®jt) (ThrTrs — QTk sTiy)
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o N N\
171 s ’L,k‘ 1, )
=k — (q — 5) gL +q (q — 5) prekd
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C.2 Quantum minor determinant relations associ-
ated with z; ;2 = gz;12;; where i < j <k

Proposition C.4. Given the quantum minor determinants & and f}’; where 1 <

J<kandr<s

. xk,r"' .fL'kS...

Figure C.4: Relative positions of £:1 and 5%

then
rx€rs = 467560 (C.4)

Proof.

gi’é Zn:]; - (xi,rxj,s - qxj,rxi,s) (xi,rxk,s - qu,rxi,s)

= TirZjslirll,s

— 4Ty X5 sTisThr
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— 4T sTjrTir Tl s
2
+ q TisljrXisli,yr
1
=T — —q ) TisTjr + TirLjs| Tk,s
— Ty LisLjsTr
- xi,sxi,rxj,rmk,s

2
+ q T sisjyrLh,r

=T TirLjsli.s

1
+ 5 —q ) TijypTisTjrTks

— Ty Li s sThr

— X4 sTirLjrL.s

2
+ q TislisljrLi,y

= qmi,rxi,rxk,sxj,s
1
+1 - - q ) TipXisljrLk,s
q
- qxi,smi,rxk,rxj,s
1 1

- aaji,rxi,s q— a LkrLy,s + Lk,sLj,r

3
+ q aji,sxi,sxk,rxj,r
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= qUirTi Tl sTj s

1
+ (5 - q) Ly sljrLl,s

— 4T 5Ty Tk rLj s

1 1
——\q— = )| Xy T sThrljs
q q

1

- 5xi,7‘xi,sxk,sxj,r

3
+ q xi,smi,sa:k:,rxj,r

1
= 4T |:(q - a TisThk,r + Tk,sTir| Ljs

1
+ <5 - Q) L L4 sLjrL,s

2
—q TisTkrTirdijs

1 1
——\q9—= xi,rxi,sxk,'rxj,s
q q

1

- axi,rxi,sxk,sxj,r

3
=+ q aji,smk,rxi,sxj,r

= 4Ty T sTirLjs

1
q (q - _) xi,rmi,sxk,rxj,s
q

1
+ <_ - q) L sLjrLk,s
q
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2
—q T 5Tk LT s

1 1
——\q— = ) Ty T sThrlys
q q

1

- 5$i,rxi,sxk,sxj,r

3
+ q TisTkyLisliy

= qmi,rxk,sxi,rxj,s
2
—q T 5Ty X Lj s
3
+ q T sTkrLislijyr

q— — q— = | LipXislkrLjs
q q

1
+ <_ - q) Lir i sLjrLk,s
q

— Xy Lk,s T4 sTjr

= 4Ty T sTirLj s
2
—q T sTlrTirLijs

3
+ q TisTkyLisliy

q— — q— — | VigZisTkrljs
q q

1 1
+ (5 - q) Lirlis |:(q - a) LkrLjs + Lk sjr

— Ty Lh,sLi sy r

107



APPENDIX C. Relations of Quantum 2-Minor Determinants

= 4T rTk slirdjs
2
—q TisTkrTirkijs

3
+ q xi,sxk,rxi,sxj,r

1 1
q—— q— = | VigZisTkrljs
q q
1 1
T\ - —q) (49— = ) TirTisThrTys
q q
1
+ a —q | LigpXislh,sljyr

— Ty Lh,sTi sy r

= qmi,rxk,sxi,rxj,s
2
—q xi,sxk,rxi,rajj,s
3
+ q T sTkrLislijyr
1

+q 5 —q | iy T sTi 5T

— XL s sTjr

= 4Ty T sTirLj s
21‘ Tk.sTisT
—q TiypTksTislyyr
2
—q $i,sxk,rxi,rmj,s

3
+ q aji,sxk,rxi,sxj,r
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=dq (ﬁi,rxk,s - qu,rxi,s> (xi,rmj,s - qxj,rxi,s)

= q&,58,)
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110

Proposition C.5. Given the quantum minor determinants 5}}7?; and §ZZZ where 1 <

J<kandr<s<t<u

l’kﬂﬂ LE&S xk,t ,I'k’u...

Figure C.5: Relative positions of 5;78 and 525

then
i ik _ ik i LY cikgig
r,sStou qgt,u 7,8 +laq— 5 fr,sgt,u

Proof.

B = (4,85 — QT 5T) (TigThu — qTiuThe)

= T sTitlk
— 4T X5 sTi Tkt
4T sTjrTit Tk

2
=+ q TisljrXiyTht

(C.5)
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=T Titlj sl
— QT r Tyl sl t
— QU sTitXjr Ll

2
+ QX 5Ty Tj Tt

1
= qTitT4 {(q - &) Tk,sTju + xkuxj@]
9 1
—q T uTir [(q - 5) ThsTje + mk,txj,3:|
9 1
—q Tt T s {(q - 5) Tkrlju + xk,uxjm]

1
+ qg«ri,uxi,s Kq - 5) Tyt + xk,t%‘,r}

= qUitT;r Thuljs
2
—q xi,uwi,rxk,txj,s
2
—q mi,txi,sa:k,uxj,r

3
+ Qi T Tt

1
+4q (q — 5 Titir Tk, sTju

9 1
—q q— ; LiulirLk,sLjt

9 1
—q (49— a TitT4 sTkrLju
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(1-3)
+ q q— 5 TjulisTirLijt

1
=Ty |:<q - 5) Liulk,r + xk,umi,r:| Tjs
—q Ty || qg— 6 TitThyr + TptTir| Tjs
—q Tt q— 5 Tiulk,s + Tkulis mj,r

1
+ qui,u {(q - 5) TitTrs + xk,txi,é’] Ljr

1
=+ <q — a) TipXitTh,sTju
1
—q\{q— 5 TirZiulk,sTijt

1
—q (q - _) T sTitLhrLju
q

'(1-3)
+ q q— 5 LisTiulkrLijt

= qT;tTpulirljs
2
—q Ty Tkt g s
2
—q TitTulislyr

3
+ q Tiulktlislijyr

1
+ <q - 5) TitTiulhrLs
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9 1
—q q— 6 LiulitlkrLy,s

9 1
—q q— ; LitTiulk,sjr

(1-3)
+ q q— 5 xi,uxi,txk,sxj,r

1
+ <q - 5) T ThysTit T ju
1
—q\{q—- xi,rxk,sxi,uxj,t
q
1
—q\q— 5 L sllrLitLjay

1GH
+ q q— 5 T sllrLiuljt

= 4T tTpuLirljs
2
—q TitTulislyr
2
—q Tiultlirljs

3
+ Qi Tkt Ti s T

1
+ (q - —) TigThe,sTitTju
q
1
—q\{q— - xi,rxk,sxi,uxj,t
q
1
—q\{q— - xi,sxk,rxi,txj,u
q

9 1
+ q q— 5 L slhrLiuljt
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=dq (xztxku - qxz’,ul’k,t) (%‘,r%‘,s - qxi,sxj,'r)

1
+1q— a (TirThs — qQTisThy ) (TitTj0 — qTiuTjt)

_ N\ .,
7k . 3 P
= a5+ (q - 5) ErsSin
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Proposition C.6. Given the quantum minor determinants ﬁfji

J<kandr<s<t<u then

x]’78 e

L Tis
xj,’l” [
xk,?" [

mk,s

Figure C.6: Relative positions of ff”fb and Zf;

Proof.

4,J ¢i,k

tauSrs — (wi,txj,u - qmj,txi,u) (xi,rl'k,s - qu,rxi,s)
= TitLjulirlk,.s
— 4Tt T4 s Tk r

— QT Lt T4 r T s

1,7 ¢tk __ lgz,kgl,]
t,uSrs T q r,s5t,u

2
+ q Tiulijtlislhkr

115

and X% where i <

7,8

(C.6)
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1
= Tiy {(a —q | TiuZir + TigTju| Th,s

1
- qaji,t |:(5 - Q) xi,uxj7s + xi7sxj,u:| ka

1
— Ty [(5 - Q> TitTjr + $i,r95j,t] Th,s

1
=+ q233z‘,u {(a — Q> Titkj s+ xi,sxj,t:| Tk

= TitlirTjulk,s
- qmi,txi,sxj,uxk,r
— 4T TipTjtThs

2
+ QX 0T T Ty

1
+ <_ - Q) LitLiuljrL,s
q
1
—q\ - —q) T tTi T sl r
q
1
—q ; —q ) TiuTitljrLk,s

(i)
+q a—q TiuTitTjs

=TitLlirLjulk,s
— 4T T sTj Ly

— 4T Ty XL s
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2

+ q TiuZisljtlk,r
1

= LirTitljulk,s
q
- xi,sxi,txj,uxk,r
— T LiuljtLk,s
+ 4T sTiuLjt Lk, r
1

= LijrTk,slitlju
q
- xi,sxk,rxi,t$j,u
— T Th,sTiuljy
+ QT s T Tiu Tt

(l’z',rIk,s - qxi,sxk,r> (xz',txj,u - qxi,uxj,t)

é‘l,k‘ 7’7.7
7,8 St,u

QR
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C.3 Quantum determinant relations associated with
i iZjk = q%jkzij Where ¢ < j <k

Proposition C.7. Given the quantum minor determinants £3 and &f where 1 <

J<kandr<s

Figure C.7: Relative positions of £:] and &%

then

ek = q€li&n] (C.7)
Proof.
EIENY = (wi,m5s — qisTjr) (X0 s — QT5sThy)

= TirZjsjrlk,s

- qxi,rmj,sxj,sxk,r
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— QT sTjrLjrLi.s

2
+ q TisjrLjslir

= TirZjrljslk,s
q
— QT L5 sT5 s T r
— QT sTjrLjrLh s

3
+ q TisljslijrLir

= qxj,rxi,rxk,sxj,s

1

—dq q—— :Cjﬂ“a:i,s + ajj,sxi,r xk,rajj,s
q
- qxj,rxi,s q— 5 xk,rxj,s + xk,sxj,r

5
+ q xj,sxi,smk,rxj,r

= qxj,rxi,rl'k,sxj,s
1
—qg\q— a ajj,rxi,sxk,rxj,s
- qxj,sxi,rxk,rxj,s
1

—qg\q— 5 ajj,rxi,sxk,rxj,s

- qxj,rxi,sxk,sxj,r
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5
+ q Tjslislikrljr

1
= 4Ty q— 5 Lkrlis + Tk slir| Ljs

1

—q\q— 5 xj,r-rk,rxi,sxj,s
2
—q TjsTirTirljs
1

—q\q— 5 xj,rxk,rxi,sxj,s

2
—q Tjrlkslisljr

5
+ q TjsTirLisljy

= qxj,rxk,sxi,rwj,s
2
—q xj,sxk,raji,rxj,s
2
—dq xj,rxk,smi,sxj,r
5 .
+ q TjslirLisljy

1

—q\q— 5 LjrLlrLisljs

=qT Tk sTirLijs
2
—q TjsTiyrTirljs
2
—q 'Tj,rxk:,smi,smj,r

5
+ q xj,sxk,rxi,sxj,r



APPENDIX C. Relations of Quantum 2-Minor Determinants 121

—q q— 6 Lkyljrlislis

= 4T Tk sTirdjs
2
—q TjsTiyrTirkjs
2
—q TjrTk,slisljy
5
+ q xj,sxk,rxi,sxj,r

4
—dq q— — | XjsTkyrXisljy
q ]7 b b ]’

= qxj,rxk,sxi,rxj,s
2
—q TjsTiyrTirdjs
2
—q TjrTkslisljr

3
+ q TjsTkrXislijyr

= q (@, s — QT sThy) (TigTjs — qTisTir)

— qghk ety
- qgr,s r,s
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Proposition C.8. Given the quantum minor determinants ff,g and 5?5 where 1 <

J<kandr<s<t<u then

l’%t mj,u"'

Figure C.8: Relative positions of £ and &%

1,5 ¢J:k ke, k¢,
7“3?9 g,u = qgi,u r,i + (q - 5) Z,f&t,?y (CS)
Proof.

i,j ¢k _
i€y = (Tirtjs = Qi 5T ) (25600 — GTj0Tk,t)
=TirLjsljtlku
— 4T p X5 sTjulkt

— QT sTjrXjtLE

2
+ q TisXjrLjulkt
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= 4Ty Tj L5 5Tk,
2
—q TjpTjuljslh,t
2
—q TisTjtljrLhu

3
+ QX 5T T Tt

1 1
=dq |:(q - _) TjrZit + $j7t$i,rj| |:(q - _) ThsTju + $k,u$j7s:|
q q
2 [ 1 1 -
J— q q —_ mjyrxi;u, _|_ $j,u$i,r q - xkvsmjzt + xk’txj’s
AN I :
2 [ 1 1 -
—q q— — ) TjsTiy + TjtLis q— — | TepTju + Lkulyr
[\ g 1 -
3 [ 1 1 -
+0* | (0= o ) ismiat wiumis| | (0= 0 ) Orowi + oriio

1\ 2
=dq <q - 5) TjrZitlk,sTju
2
2 1
—dq (q - 5) TjrLiulk,sTjt
2
9 1
—q (q - 5) Lj,sLitLh,rLju

2
3 1
+q (q - §> LjsTiulkrdjt

1
+q <q - a) Tjri 4 Thulj,s

9 1
—q \q— 5 TjrZiulktLy s

9 1
—q {q— 5 L5 sTitLlhkuljr
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3 1
+q q— 5 LjsTiulktLjr

1
+ q <C] - 5 LjtLirLl slja
9 1
—q |q— 6 Ljuli,rLk,sTjt

9 1
—q q— 5 xj,txi,sxk,rxj,u

3 1
+q q— 5 Tjulislkrljt

+ qxj,txi,rxk,uxj,s
2
—q TjulirTrtljs
j? b b ]7
2
—q Tl sTruljr
J7 b b ]7

3
+ q TjuLislktXjr

1 2
=dq <q - 5) TjrLlslitlju
2
9 1
—dq (q - g) TjrTlsliulijt
2
9 1
—q (q - &) xj,sxk,rxi,txj,u

2
3 1
+q (q - 5) XjsThrLiulj

1
+ q <q - a) xi,txj,rxk,uxj,s
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2 1
—q q— 5 LiuljrLitlys

9 1
—q q— & TitXj sl ulyjr

3 1
+q | q— & TiuljsTktLjr

1
+ q <q - a) xj,txi,rxj,uxk,s
9 1
—q |\ q9— 5 LjuTirLjtLh,s
9 1
—q q— 5 $j,txi,sxj,uxk,r

3 1
+q q— 5 LjulislijtLir

1
+ ql‘j,t |: q— 5) Ii,uxk,r + xk,u$i,r:| xj,s

1
2
(q — = | Titlkyr + Trtlir| Ljs

—q xj,u

1 2
=dq (q - 5) (xj,rxk,s - ql’j,sl‘k,r) (xi,txj,u - qﬂEz‘,uﬂl?j,t)

1
+q (q - a) TitZjrTkuly,s
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2 1
—q q— 5 LiuljrLitlys

9 1
—q q— & TitXj sl ulyjr

3 1
+q | q— & TiuljsTktLjr

1
+ q <q - a) xj,txi,rxj,uxk,s
9 1
—q |\ q9— 5 LjuTirLjtLh,s
9 1
—q q— 5 $j,txi,sxj,uxk,r

3 1
+q q— 5 LjulislijtLir

1
+ q\q— a (xj,txi,u - C]%‘,u%,t) (xk,rl‘j,s - qu,sxj,r>
+ G (Tj 4Tk — QTjuTht) (Tirlis — QTisTjr)

1 2
=4q (q - 5) (xj,rzk,s - qxj,sxk,r) (xi,txj,u - qxi,uxj,t)

1 1
+4q <q — | Tig KCI - —) Tjull,y + xk,u%‘,r} Lj,s
q q
) 1 1
—q (q— p Tin || 4 — p TjiThr + Thtljr | Tis
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+Q<q__) |:(q )I’LUI]T—i_xjuxlT] Tp,s
—dq (q__) |:(q >xztxjr+x]txzr:| Tk, s
—q (q__) |:<(] )xzuxjs+xjuxzs:| T,r
3 1

+ q q—— q— TitLj,s "‘x],txzs Ti,r

1
+ q\q— 5 (xj,txi,u - qmj,uxi,t) (xk,rxj,s - qu,sxj,r)
+ q (xj,txk,u - qmj,u'rk,t) (xi,rxj,s - qmi,sxj,r)

1 2
=q (q — 5) (@ Ths — QT 5Tk r) (TitTju — qTiuTis)

1 1
a9 —= )\ 99—~ | TitZjulrsTys
q q
1 1
¢ (1=3) (-
q q
- - - - - i, tljulk,sbjr
q q J J
; 1 1
T+ g—— )| 9= = ) Tin®j Tk sTjr
q q
1 1
+ q\q— — q— — | TjtTiuljrL,s
q q
1GoIGH
—q q—— q— = | TjulitlyjrLk,s
q q
(o=3) (=3)
—q q—— q— = | TjtliulyjsTk,r
q q

_> xi,uxj,txk,rxj,s

q
q
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T\ ) |47 = ) TjulitT)sThyr
q q

1
+ q\q— a (xj,txi,u - qmj,uxi,t) (xk,rl‘j,s - qu,sxj,r>

+ G (Tj 4Tk — QTjuTrt) (Tirlis — QTisTjr)

1 2
=q (q - 5) (xj,rzk,s - qxj,sxk:,r) (xi,txj,u - qxi,uxj,t)

1 1

+q (q - 5) (q - 5) (1% ju — QTin®jt) (TprTjs — qTh sTjr)

1 1
+ q\q— 5 q— 5 (xj,txi,u - qxj,uxi,t) (xj,rxk,s - qxj,sxk,r)

1
+q\q— 5 (%0 — qTjuTit) (ThrTis — QThsTir)

+ q (xj,txk,u - qxj,uxk,t) (xi,rxj,s - qxi,sxj,r)

1 2
=dq (q - _> (xj,rxk,s - qxj,sxk,r) (xi,txj,u - qxi,uxj,t)

q
— ¢ (q
— ¢ (q
+q° (q
+ q (T 1Ty — QTjuTh) (TirTjs — T %))

1 2
=dq (q - 5) (xj,rmk,s - qgjj,sxk,r) (xi,tzj,u - C]%’,u%’,t)

(Ii,txj,u - qxi,uxj,t) (xj,'rxk,s - qxj,sxk,r)
(xi,t-rj,u - qxi,uxj,t) (xj,rxk,s - q$j,s$k,r)
TitLju — qxi,uxj,t) (l‘j,rl'k,s - qxj,sxk,r)

)
b
)

1 2
—q (q — 5) (T Ts — QT sTkr) (TitTju — qQTiuTit)

1 2
—dq <q - 6) (xj,r:ck,s - qxj,sxk,r) (:Ei,txj,u - qxi,uxj,t)
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9 1
+ q q— 5 (xj,rxk,s - qxj,sxk,r) (xi,txj,u - qxi,u'rj,t)

+ G (Tj 1Tk — QTjuTht) (Tirlis — QTisTjr)

=4q (Ij,txk,u - q-rj,uxk:,t> (xi,rgcj,s - qxi,sxj,r)

1
+{q— a (@ Ths — QT 5Tk ) (TitTju — qTiuTit)

o 1N\ .
7k , y )
= @&, &0 + <q — 5) @Jn,f o
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Proposition C.9. Given the quantum minor determinants ff:ft and §Z;§ where 1 <

j<tandr<s<t<u

l’k‘.ﬂﬂ LE]%S xk,t ,I'k’u...

Figure C.9: Relative positions of f’zft and {’ﬁ’;

then
i eik _ Lejhei
t,ugr,s - 5£r,s£t,u

Proof.

Z,’iﬂ:f = (Ti4%ju — qTiuTjt) (TjrThs — qTjsThr)
=T tLjuljrlk,s
— 4Tt T2 s Tk
4T Tt Th,s

2
+ q Tiuljtljsli,yr

(C.9)
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1

= Xl rLuT,s
- xi,txj,sxj,uxk,r
- xi,uxj,rxj,txk,s
T GTuTj,s Tt T,
1

= —XjrLitlk,sTju
q
- xj,sxi,txk,rxj,u
- xj,rxi,uxk,sxj,t
+ qxj,sxi,uxk,rxj,t
1

= —XjrLk,sTitLja
q
— T sl rLitlju
- xj,rxk,sxi,uxj,t

=+ qxj,sxk,rxi,uxj,t

E5E

Q=R

(TjrThs — qTj 5Tk r) (T3 4250 — QT;0Tjs)
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C.4 Quantum minor determinant relations associ-
ated with z;;2;, = gz 2 where i < j <k

Proposition C.10. Given the quantum minor determinants fﬁ’; and §£§ where © <

J<kandr<s

Figure C.10: Relative positions of ok and fﬂ,’f

7,8

then

SAETE = qglkeis (C.10)

r,8>T1,8

Proof.

EREDE = (Tirhs — Qi sTh) (Tj0ks — QT5.5Th 1)
= TirLk,sLjrlk,s

— QT pT,sTj s T r
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- qmi,sxk,rIj,rxk,s
2

+ q TisTlrljsTik,r

1
= Tir — = q | TjsTky + LTjrlks| Tk,s

q

— Tyl slh,sThr

- xi,sxj,rxk,rxk,s

2
+ q xi,sxj,sxk,rxk,r

1
= (a —q mi,rxj,sxk,r‘xk;,s

+ LirljrLE sli,s
— Xyl sl sThr
— X sTjrLrLk,s

2
+ q TisljsllrXk,r

1 1

=\-—4q q— 4 Tjrlis + TjsTiy | Thylk,s

q

+ qxj,rxi,rwk:,sxk,s

1
- a q— a xj,rxi,s + :Cj,sxi,r xk,rxk,s

- qxj,rxi,smk,sxk,r

3
+ q xj,sxi,sxk,rxk,r
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1 1
= \-—4q q— = | LjrZisTlkrlks
q q
1
+ a —q wj,sxi,rxk,rxk,s
+ qxj,rxi,rxk,s-rk,s

— V49— = ) TjrZisTkrTk,s
q q

1
- E-Tj,sxi,rajk,rxk,s

- qmj,r*ri,sxk,sxk,r

3
+ Q% sTi s Tk r T

= - —4q q— = | TjrTrrLislk,s
q q

1
+4q (5 — CJ) TjsThrXirlh,s

1
+ T, {(q - 5) ThrLis + xk,s%r] H

— V9= = )| VjrTrlislis
q q

= X sV rLirLh,s
2
—q TjrTkslislik,r

3
+ q xj,sxk,rxi,sxk,r

= - —4q q—— sz,rxk,rxi,sxk,s
q q
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1
+ q <_ - Q) xj,sxk,rxi,rxk,s
q
1
+ q\q— 5 LjrLirlislis

+ qxj,rxk:,sxi,rmk,s

— |9 = | TVjrTgyrTisli,s
q q

- mj,sxk,rxi,rxk,s
2
—q Tl sTisTh,r
3
+ q TjsThrLisTr
= 4T rTk,sTirLk,s
2
—q Tjrlk,slisTik,r
2
—q 'Tj,sxk,rxi,rxk,s
3
+ q xj,sxk,rxi,sxk,r
= q (@) Th,s — QT4 sTh) (TigpThs — qTisThr)

— qchk ik
- qg’r,s r,5
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Proposition C.11. Given the quantum minor determinants £5% and fif where 1 <

T,8

J<kandr<s<t<u

. ,’L'jm xj,s P xj,t “ e ‘/L‘j,u"‘

@@ mk,t J71€,u---

Figure C.11: Relative positions of fﬁ’; and fif

then
ik ik ik ik L\ ki
rsStou qgt,u 7,8 + (q - 5 57’,5 gt,u

Proof.

iyk ]7k I
rs&tu = (TirThs = (TisThy) (TjaThu — 4Tjulh)
= Ty Lk, sTjtlku
— 4T T sTj Lt

— QU4 sTrLjtLhu

2
+ q TisTlkrljullkt

(C.11)
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=TirTljtll,sTku
— QT T L, s Tt
— QU sTj Tk r Ll

2
+ QX 5Ty Tk Tt

1
=q |:(q - 6) LjrLig + xj7txi,r:| T ulk,s

[ 1
2
—q (q - 5 TjrTin + TjuTlis| ThtTh,s

[ 1
2
—q (q - 5 TjsTit + Tj1Tis| Thaull,r

1
+q° <q — a) TjsTin + Ij,uxi,s] Tkt Tk

1
=dq (q - —) TjrZitThulk,s
q
9 1
—q \q9— 5 TjrLiultLh,s

9 1
—q (49— 5 LjsTitThullk,r

3 1
+q | q— 5 XjsTiuThtTh,r

+ qxj,txi,rxk,uxk,s
2

—q xj,uxi,rxk,txk,s
2

—q xj,txi,sxk,uxk,r

3
+ q TjulislktTk,r
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1
= (q_g LjrLitLlr sTku

1
—dq (q - 5) LjrTiulk skt

1
—dq (q - 5) TjsTitLThrLhku

9 1
+q | q— 5 XjsTinuThrTht

+qx]t |: q— >$zu$kr+xkuxzr:| Tk,s

|:<q ) LitLk,r + i g r:| Lk,s
_qx]t |:(q )mzumks+xkuxzs:| Tpr

+q Tju (q ) LTitLk,s +$ktxz s:| L,r

1
= (q _5 LjrLislitliu

1
—q (q - 5) TjrTk,sTiulk,t

1
—q (q - 5) TjsThrLitlhku

9 1
+q | q— 5 XjsThrLiulht

1
+4q (q — 6) Tj 4T Tl rTh,s

9 1
—q \q9— 5 Tjulitlhrlk,s
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9 1
—q q— & LjtXi L, sl r

5 1
+q | q— 5 TjulitTh sThr

+ Tt T ulirll,s
2
—q Tjulitlirlk,s
2
—q Tl yLisThr
3
+ q Tjulitlislik,r
1
“ U7y (@) Th,s — QTj.sThr) (TitThu — QTiuThit)

+ q (xj,txk,u - qxj,uxk,t) (xi,rl’k,s - q'ri,sxk,r)

_ Dk ek - gk 0k
- qgtu r,s + (q - q T, xt,u
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Proposition C.12. Given the quantum minor determinants ff:fj and fﬁzf where 1 <

J<kandr<s<t<u then

Figure C.12: Relative positions of ff:ﬁ and fﬂ;f

'7k 47k' _ 47k5 '7k
;,ué?",s - _gi,sgz,u

1
q
Proof.

i7k ]7k R
s = (TinTru — qTiuThi) (TjrTrs — 45Tk, )
= TitLkauljrLi,.s

— 4T tTpuTj Tl

— QT LRt r L s

2
+ q TiulktXjsTkr

(C.12)
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1
=Tt |:(§ —q | Tjulir + TjrTru| Tks

1
— 4Tz |:(& - Q) Tjulk,s + xj,sxk:,u:| Tk

1
- qmi,u |i(a - Q> 'Ij,txk,r + xj,rxk,t:| ajk,s

1
+ q21’i,u [(5 — Q) TjtThs + xk,sxk,t] Thr

= TitljrTulk,s
- qxi,txj,sxk,uxk,r
— 4T T jrTtLh,s
2
+ QT 0T s Tt Ty

1
+ (5 - Q> LitLjulkrL,s

1

—q (_ - Q) mi,tl‘j,umk,sxk,r
q
1

—q | — —q | ViuljtlkrLk,s

q

5 (1
+4q g—q TiuZjtTh,s

= TitljrLulk,s
— 4T T s Tk uLk,r

— 4Ty TjrT T s
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2

+ q TiuZjsTktLk,r
1

= —XjrTitlk,sThku
q
- xj,sxi,txk,rxk,u
—Tjrliuli skt
+ qxj,s$i,uxk,rxk,t
1

= ~XjrTksTitliku
q
- xj,sxk,rxi,txk,u
— TjrlE,sTiulit

+ QL5 s T rLiulit

(%) Ths — QT 5Tk ) (Tit Tl — qTiuT t)

jvk l’k
r,s St,u

Q=R
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C.5 Quantum minor determinant relations associ-
ated with z;;z;; where 1 < j <k <

Proposition C.13. Given the quantum minor determinants ff’; and f{i where 1 <

j<k<landr<s

. ':El,r :Cl’S

Figure C.13: Relative positions of Lk and £Z;i

r,s

then

gikeil — gilgik | (q - —) il it (C.13)
b 9 9 b q b b

Proof.

gﬁ:];gﬁ:i = (xi,rxk,s - qxi,sql’k,r) (mj,rxl,s - qxj,sl’l,’r‘)

= TiyTksljrlls
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— 4Ty Tk sTj s T
— QT Ty Tyl s

2
+ q TisTirXjslly

1
= Tir |:(_ —q ) TjsTkyr + LjrZi,s| Tl,s
q
- xi,rxj,sxk,sml,r
- wi,sa:j,rxk,rxl,s

2
+ q TisTkrljsllyr

1
= (5 —q | TirXjsTkrlls

+ LirLjrLk sl s
— Xy Lj T sTlr
- xi,sxj,rxk,rxl,s

2
+ q xi,sxj,sxk,r'rl,r

1 1 1
= (_ - Q) |:<q - _) XjrLis + xj,smi,rj| |:(q - _) L rTi,s + T,sTk,r
q q q

2
+ q xj,rxi,rxl,sxk,s

1
- |:(q - 6 xj,rxi,s + xj,sxi,r xl,rajk,s
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1
= Tjrdis |:(q - g TirTk,s + L sTk,r

4
+ q TjslislirLi,r

SR\ Y -
AOIGr
“(5-)
“(5)

(q - > LjrLisllslh,r
(q ) .17] s Txl rxks

L5 sTirklslir

Q

2
+ q xj,rxi,rxl,sxk,s

1
- (q - a :Uj,ra:i,sxl,rxk,s

- xj,sxi,rxl,rxk,s

1
- (q - a xj,rwi,sml,rxk,s

— Ij,rxi,sxl,sxk,r

4
+ q :Uj,sxi,sxl,rxk,r

1 1 1
= ——4q q— = q— = | ZjrZipTisTk,s
q q q
1 1
+ q\ - —4g q— — | XjrXlsTi sl
q q
1 1
+ q\ - —4g q— — | XjsTlrLirT,s
q q
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1 1
+ (_ - q) Tjs |:(q - _) TyrZis + xl,sxi,ri| Ller
q q

1
+ q2mj,7’ |:<q - 5) ml,rmi,s + ml,sxi,r:| mk,s

1
- (q - 5 TjrXlrLislik,s

- qxj,sxl,raji,rxk,s

1
- (q - 5 LjrZlrLisli,s

- qxj,rxl,smi,smk,r

4
+ q :Uj,sxl,rxi,sxk,r

1 1 1
=|\=-—q q— = q— = | TjrZlrTislk,s
q q q
1 1
+ q\ - —4g q— — | XjrXlsTisTk,r
q q
1 1
+ q\ - —4g q— — | XjsTirLirT,s
q q
1 1
+ |- - q q— — | XjsTlyrLislk,yr
q q
()
— = q | X5 T sVir Tk
q

9 1
+ q q— a LjrXlrlisli,s

2
+ q Tjrl)sTirlks

1
- (q - 5 LjrXlrLisli,s
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— 4T T+ TirLs
1

— |\ 9= = | XjrLirTislis
q

— 4T T sV s T r

4
+ q TjsTrXisli,r

=+ LjrZlslirlk,s
- qxj,rxl,smi,sxk,r
— T sl yrTirLi.s

2
+ q TjsTrXisli,r

+ (q2 - 1) LjrXlslirlk,s

4

+ (q - q2)xj,sxl,rxi,smk,r

- —4q q— = q— = | TjrZlrLisl,s
q q q

(o-3)
+4q q—g TjrlrLisT,s

1

- (q - xj,rxl,rxi,sxk,s
q
1

—\q— 5 LjrXlrLisli,s
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1 1

+ g\ —-——4¢g q— — | XjrZsTislir
q q
1 1

+ q\ - —4g q— — | LjsTirLirL,s
q q

+ |- q q— — | XjsTlyLisl,yr

q q

1
+ (a - Q) L5 sl sTirLkr

= (2,215 — qTjsT1,) (TipThs — QT Ty )

1
+4q (q — a) Tj Ly sTirLh,s

3 1
+ q q— 5 mj,sxl,rxi,sxk,r

1 1
- ? q— 5 LjrLlrLisli,s

1 1
+ q\ - —4¢g q— = | XjrZsTislir
q q
1 1
+ q\ - —4¢g q— — | XjsTirTirLk,s
q q
G (=3)
+1l-- q q— = | XjsTlrLi sl
q q

1
+ (E - q) T sTlslirlk,r

= (%‘ﬂ?l,s - 6133j,3331,r) ($i,r$k,s - Q-Ti,sfﬂk,r)
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1 1
+ q (q - _) Ljr |:(_ - Q) X sl r + xi,rxl,s:| Lk,s
q q

GH
+ q q— 5 Xj sl slirLkr

1 1
- ? q— 5 TjrLislirlk,s

+

_l’_
7/ N 7N 7N 7N

Q
(S

) XjrLisli sl r
) xj,smi,rxl,rxk,s

q— q> xj,smi,sxl,rxk,r

1
,S |:(5 - Q> X sl + xi,rxl,s:| Lk,r

= »QI»—!

q

4
|
<

/\/‘5\/\

+
8

|
()
<.

QL= Q- »QI»—k »QI»—t
>Q
N~ N

= (xj,rxl,s - qxj,sxl,r) (xi,rxk,s - qxi,sxk,’/‘)

1 1
+ q q - - q xj,r.’ljijsﬂfl,rxk,s
q q

1
+ q <q - E) LjrLirll sk, s

3 1
+ q q— 5 LjslisLlrLir

1 1
- ? q— 5 LjrLislirLi,s
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+ |- - q q— — | TjrZislisli,r
q q

1 1

+1|1—-——9q q— — | XjslirXirLi,s
q q

+ |- q q— — | XjsTisTlrL,r
q q
1 1

+ |- - q — = q ) TjsT;sTlyrLk,r
q q
1

+ 5 —q | XjslirXlslir

= ('rjﬂ‘xl,s - qxj,sxl,r) (xi,rxk,s - qxi,sxk,r)

1 1
tq\lqa— - — =4 | TisTjrLlyTh,s
q q
1
+lq— 5 Lirljrllslh,s

9 1
+ q q— 5 L, sLjsLlrLhr

1 1
+ |- - q q— = | XisTjrXl sl
q q
1 1 1
+ |- - q q—— — —q ) T sTjr + Lirljs| LirLi,s
q q q
1 1
+{-- q — —q | TisTjr + LTirjs| Tl slk,r
q q
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= (xj,rxl,s - qxj,sxl,r) (xi,rmk,s - qxi,sxk,r)

1 1
+q(a— =) (= —q) @istjrL1oThs
q q
1 ( 1)
—=lg——-|xisx ‘7rxl7rxk,s
> q ’

1 1 1
+1-- q q— = — = q )T sTjrT)rTks
q q q
1
+ (q - 5) LirZjrll sk, s

G
+ q q— 5 mi,sxj,sml,rxk’,r

1 1
+l-—q q— = | VipZjsTlrTk,s
q q

1
+ (a - Q) LirZjsllsThk,r

1 1

+ |- q q— — | Li,sTjrXlsli,r
q q
1 1

+ |- - q — = q ) TjsTjrT] sl
q q

= ('rj,Txl,S - qxj,sxl,r) (:Ei,rxk,s - qxi,sxk,r>

1
- (q - 5 LisTjrLlrLi,s
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1
+ (q - g) LirZjrll sk, s

G
+ q q— 5 X sl sTlrLkr

1 1
+ (- — q q—— mi,rxj,sxl,rxk,s
q q

1
+ (a - Q) TirZjsTlsTk,r

- (xj,'rxl,s - qxj,s«rl,r) (xi,rxk,s - qxi,sxk,r)

1
—q (q - _> xi,sml,rxj,rxk,s
q

1 1
+ (q - _) Tir {(q - _> LirLjs + xl,sxj,r:| Tk,s
q q

9 1
+ q q— 5 L sTlrXj s r

1 1
+ |- - q q— = | ZirZirTjsTk,s
q q

1
+4q (5 — Q) TipXlsTjsThyr

= ($j7rxl,s - qxj,s$l,r) (Ii,rxk,s - qmi,sxk,r)

1
—dq <q - a) L sTlrXjrLi,s

1 1
+ q—— q— = | LipZlpTjsli,s
q q
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1
+ (q - g) LjrXl,sTjrLl,s

+ q q— = | XisTirZjsTkyr
q
1 1
+ |- q q— — | TirZirZjsTk,s
q q
1
+q 5 —q ) TirZsTjsTr

- (xj,'rxl,s - qxj,s«rl,r) (xi,rxk,s - qxi,sxk,r)

1
—q (q - _> xi,sml,rxj,rxk,s
q

1
+ (q - 5) xi,rxl,sxj,rxk,s

9 1
+q | q— 6 T, sTl L sTh,r

1
+q (5 — Q) Ti Ly 5T sTh

= ($j7rxl,s - qxj,s$l,r) (xi,rwk,s - qxi,sxk:,r)

1
+ (q - 5) LirZl sljrLk,s
1
—q\q—- a LirXl,sLjsLh,r

1
—dq (q - _) Ly sl rXjrL,s
q

(1-3)
+ q q— 5 Li,sLlrLj sl
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= (xj,rxl,s - qxj,sxl,r) (xi,rxk,s - qxi,sxk;,r)

1
+1la— 5 (xi,f’xl,s - qxi,sxl,r)<xj,rxk,s - qu,smk,r)

— ]71 l,k? l,l j,k
_é'r,sfr,s + (q - 5 r,sSr,s
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Additionally, we have the following relation for &4 and &/'.

bk and €90 where i <

7,8 7,8

Proposition C.14. Given the quantum minor determinants

j<k<landr <s then
ik g il i 1 ij
GOt = Peilenk 4 (5 - q) ghier! (C.14)
Proof.

gi:l;gqj":i = (xz’,rxk,s - ql’k;,rc’ﬁ,S) (xj,rxl,s - qxl,rxj,s)
= TiyTk,sljrlls
— 4Ty Tk, s T+ Tjs
— QT T4 sTjrIs

2
+ q TkrZislirjs

1
= Tjr |:(_ —q ) TjsTks + TjrLg,s| Li,s
q
— 4Ty Xy Tk sTj s
— QT T T4 s s

2
+ q TyrXlrlislijs

= TjrZjrLk sl s
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4T X r T sjs
— QT T T4 s s

2
+ q TkyrXlrlislijs
1
+ a —q | TiypTjsThrls

_ 2

=4q xj,rmi,rxl,sxk,s
— 4T Ty X5 5T s
— 4T+ Tpr X sTis

4
+ q TirTkrLjslis

1
+ (5 - Q) LirXjsTkrlls
9 1
=4q ZTjr q— 5 R T + Ll sLir| LTk,s

1
— 4Ty |:(q - 5) xj,rxi,s + xj,sxi,r] Ik,s

1
—qTjy [<C] - 5) Ti1rTk,s + xl7s$’]€77a:| Tjs

4
+ q TiyTkrLjslis

1
+ (6 - Q) LirZjslhrlls
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2
=q Tjrl)sTirTs
— gLy sTirLs
- qxj,rxl,sxk,rxi,s

4
+ q TiyLjsTkrLis

G
+ q q— 5 LjrZlrlisli,s

1
—q (q - &) LipXjrLisli,s

1
—q <q - 6) TjrZlrLh,sTis

1
+ (a - q) TirXjsTkrlls

_ 2

=q xj,rml,swi,rxk,s
- qxl,rxj,sxi,r$k,s
— 4Ty sTkrLis

4
+ q TiyLjsTkrLis

1
+ (q2 - 2) (q - 5) xi,sxj,'rxk,sxl,r
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1
+ (5 - Q) LirZj sl rlls

2
=q XX sTirTi,s
- qxl,rxj,sxi,’rxk,s
— QLX) sThyrLis

4
+ q xl,rmj,sxk,rxi,s

1
+ (q2 - 2) (q - 5) LjrLislirli,s

1 1 1
+ (_ - Q) |:<q - _) LjrLis + xj,smi,rj| |:(q - _> xl,r$k7sxl,sxk7r:|
q q q

2

=dq xj,rml,sxi,rlvk,s
— 4Ty X5 sTir T s
— 4Ty s Tl rLis

4
+ q TirXjsTkrlis

+ (q2 - 2) (q - 3) mj,?“xi,swln"l'lc,.<s
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1 1 1
+l-— q q— = qd— = | TjrZislirTk,s
q q

+ (_ - Q) (q - _> TjrLislislir
q
1

+ —q q—— xj,saji,rxl,rmk,s
q
1

+ 5 q ) TjsTirZl sl

_ 2

=q Ij,rxl,swi,rxk,s
- qxl,rmj,sxi,rxk,s
— 4Ty sTkrLis

4
+ q TiyLjsTk,rLis

+ (q2 - 2) (q - é) LjrLisllrLi,s

1 1
- ? q— 5 LjrLislirlk,s
1 1
+q|——¢q q— = | XjrZisTislir
q q
1 1
+ q\ ——4g q— — | LiypZjsTirL,s
q q

1
+ (a - q) L5 sTirZlslir

2
=q xj,rxl,sxi,rxk,s
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— 4Ty X5 sTirT s
— 4Ty sThrLis

4
+ q TirXjslkrlis

1 1
- E q— 5 LjrLislirl,s

1
+ (2(] —q¢° - 6) Tj Ty sTi s Ty

1
+ (2q - q - a) LyXjslirdi,s

+ - ) L sLirllsThk,r

1
q
2
=q XX sTirTis
3
—q LT sTirTs
3
—q Ij,rxl,sxk:,rxi,s

4
+ q xl,rxj,sa:k,rxi,s

1 1
- ? q— 5 LjrLislirLik,s

1
+ (2q —q— a) Tl sTisTh,r
+ (2q_q_ )xlrx]sxzrxks

+ ) Lj syl sThk

»Q|+—~
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- q2(xj,rxl,s - qxl,rxj,s)(xi,rxk,s - qu,rxi,s)

1 1
) q— 5 LjrZisllrLl,s

1
+ (2q —q— E) LjrXlslisli,r

+ (2(] —q— _) LirLjsLirl,s

+ ) L sLirllsTkr

»QI»—t

= q2($j,r$l,s - qxl,rxj,s)(xi,rﬁk,s - qu,r:pi,s)

1 1
- q— — | TjrZislirLk,s

q— ) LjrZy slisli,r

(q ) LjrZjslirll,s

) L5 sTirklslir

_|_

+

+

»QI)—t

= qz(xj,rxl,s - qml,rxj,s)(xi,rajk,s - qu,rxi,a*)

S\ = =9 )2+ 5T r Tk s
7> \q ’
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1/1
==\ = Q) TjrTisT) s,y

q \q
— =\ == Q) TjsTirT]rTks
q \q

1
+ (_ —q | XjsTirZlsTir
q
2
= q ()25 — qT1,%j5) (TipThos — QThrTis)

1 /1
+ q_2 5 —q (mj,rxi,s - C]%‘,Jw)(iﬂl,rﬁk,s - qwl,sxk,r)

= ¢ (7,715 — QT Tjs) (TipThs — QTpTis)

1
+ 5 —q (l'i,rxj,s - qxi,sxjw)(xk,rxl,s - qu,sxl,r)

L 1 .
— 25l gtk _ 1,5 ¢kl
=dq gr,s r,s + (g q r,s5r,s
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ik

7,8

Proposition C.15. Given the quantum minor determinants

j<k<landr<s<t<u

. xj,”' xj,s P xj,t “ e ‘/L‘j,u “ e
@@xk,tJ;k,u
. xlﬂ" N ,I‘l,S P J,‘Lt e :L'Lu “ e

Figure C.14: Relative positions of % and {"ii

8

then

ikedl _ il gik LN i ci
rsStu T t,ugr,s + (q - 5 t,ugr,s
il ¢,k 4,J ¢kl
+ (q - r,sSt,u +lq— - t,uSr,s
q q

Proof

gi:]sc g:i = (xi,rxk,s - qxi,sxk:,r) (xj,tml,u - qxj,uxl,t)

= T rLh,sTjtL]

163

. '
and &, where i <

(C.15)
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— 4T T sTj Lt
— QT4 sTr Xt L],

2
+ q TisTkrXjullt

=T rTjtLh,sTlu
— 4T XLl sLit
— 4T 5T tTkrL]

2
+ q TisUjulkrlit

1 1
= |:<q - _) xi,txj,r + xj,txi,r:| |i(q - _) Tkull,s + xl,umk,s‘|
q q
1 1
—q q— — | Tiuljyr + Tjulir q— — | Tktlls + L1 tLk,s
q q
1 1
—q q— — | LitZyjs + Tjtli s qd— — | Tkullyr + Tl ulk,r
q q
2 1 1
+4q q— & TiuTjs + Tjulis q— ; TtTir + T Th

= Tt r LTk, s
— 4T uLirL] Lk, s
— QUi s Tyl r

2
+ q a:j,uxi,sml,txk,r
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1
= (q _g LitLjrLlulik,s

1
—q (q - 5) TiuljrXitLh,s

1
—dq (q - 5) xi,txj,sajl,uxk,r

9 1
+q (q— a TiuljsTitTh,r

1
= <q _5 'Tj,txi,rxk,uxl,s

1
—q (q - 5) Tjulirlktlls

1
—dq (q - 5) TjtLs sl ullr

) 1
+q 19— 5 X julisTh Tl

1\ 2
= (q - _) TitLjrLhull,s
q
2
1
—q\q— 5 TiuljrLktlls

1 2
—q (q - 5) Ii,txj,sxk,uxl,r

2
9 1
+q (q - 5) TiuljsTh Tl

1
= Tjt K‘J - 5) TiuTir + xl,uxi,r:| Ths
1
—qTjy q— & Ti Xy + T14Ti | Ths

165
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1
—(qTjy KC] - 5) Tiulls + xl,uxi,s:| Th,r

1
+ q2$]’,u |:(q - 5) Ti 12y s + xl,tl'i75:| Ti,r

+ (q - %) Tig [(q - 1) Tl +xlu$]r] T,s

_Q(q——) [(q )xlrmjt"i_xltxjr] Th,s

—Q(q——) l(q >xlsx]u+xlu$]s] T, r
{(q - —) Ty sTj + l‘z,txj,s} T

1 1
O (L T
q q
1 1
—qlqg—= = —q | TiuTjr + TipZju| Thilys
q q
1 1
—qlqg—= ——q ) T + Tislijt| Tullr
q q
2 1 1
+q q— a a —q | TiuTjs + Tislju| Thtlir

1 2
+ (q — 5) TitZjrThulls

1\ 2

—q (q - 5) TiuljrLEtlls
1\ 2

—q\q— 5 Lt sThull,r

2
9 1
+ q (q - 5) LTiuljs Tk tLlr
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=Tt ulirlk,s
— QUL Ty Lhs
— QU X li s Tk r

2
=+ q xj,uxl,txi,sxk,r

1
+ (q — 5) Tj 4T Tl T s

1
—q (q - 5) TjulitllrLk,s

1
—q (q - 5) TjtXiull sTk,r

9 1
+q (q— a T julitXlsTh,y

1 2
+ <q - 5) it Xl rXjulk,s
1 2
—q (q - &) LiullrLjtLh,s

1 2
—q (q - 5) LitLl,sLjulk,r

2
9 1
+q (q - a) LTiull,sLjtLh,r

1
+ (q - 5) Tit Xl uTjrL,s

1
—dq (q - 5) TiuwZltljrLk,s

1
—q (q - 5) it Ll uljsThk,r
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9 1
+ q q— 5 TjuLitljsThr

1
+ <q - 5) LirjtLkull, s

1
—dq (q - 5) T rZj Lkt s

1
—q (q - 5) TisTjtLlhull,r

9 1
+q (q— a TisTjuTh Tl

= (Tj4T1u — qTju1s) (TirThs — qTisThy)

1
+ q— 5 (:Cj,txi,u - C]%’,u%‘,t) (xl,rl'k,s - qxl,sxk,r)

1 2
+ (q — 5) TitT1rTjulh,s

1\ 2
—q (q - 5) TiuZlrLjtTh,s

1 2
—q (q - 5) Lit Ll sTjull,r

2
9 1
+ q (q - 5) Liull,sLjtLhr

1
+ q— 5 (xi,txl,u - qxi,uxl,t) (xj,rxk,s - qxj,sxk,r)
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1
+ <q - 5) Lirlj Lk ull s

1
—dq (q - 5) LTk tL] s

1
—q (q - 5) Ti stk ull,r

9 1
+q (q— a TisTjuTk Tl

= (xj,txl,u - qxj,uwl,t> (xi,razk:,s - qxi,sxk,r)

1
+ q— a (-rj,txi,u - qxj,uxi,t) (xl,r$k,s - qxl,sxk,r)

1 2
+ (q — 5) TitTjuTlrTh,s
1 2
—q (q - 5) TiuZjtLlrTh,s

1 2
—q (q - 5) LitLjull s, r

2
9 1
+ q (q - 5) LiuljtLl s r

1
+ q— 5 (xi,txl,u - qxi,uxl,t) (xj,rxk,s - qxj,sxk,r)

1
+ (q - 5) LirXl,sLjtLhu

1
—q (q - 5) LirXl,sTjult

169
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1
—q (q - 5) L sTirLjtLhy

2 1
+ q q— a LisTirLjult
= (xj,txl,u - qxj,uxl,t> (xi,rmk,s - qxi,sxk,r)
2 1
+ q q— E (xiﬂij,u - qxi,uxj,t) (kaxl,s - qu,sxl,r)
1 2
+ (q - 5) ('Ii,tajj,u - qxi,uxj,t> (l‘l,r*xk,s - qxl,sxk,r)
1
+(q— p (T340 — qTin@it) (TjpThys — qT5sTh,r)

1
+la— p (Tip1s — qTisT10) (240 ku — QT5uThyt)

= (%‘,tﬁl,u - qxj,ul‘z,t) (xi,r-rk,s - qxi,sxk,r>

- +
/N /N
[ L)
I |

+
VR
)
|
QL= Q= Q=

_ ¢l ik il ¢k
— St,uSr,s +laq— a t,ufr,s

il ik 1 1,J ¢kl
r,sStu + (q - 5) t,ufr,s
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Proposition C.16. Given the quantum minor determinants ff:ﬁ and fﬁ:ﬁ, where i <

j<k<landr<s<t<u

‘Tj”, SE]"S e xj,t e sz,u P
xk,r"'xk,su'@"'@”'
l‘lﬂ’ xl,s ZL’Lt Qj’Lu

Figure C.15: Relative positions of 5;5 and fﬁi

then
e . 1 -
Z,k W — ) 'l,k 1, s
tu i,i - fwjyi tu T (5 - Q) t,igﬁsf (C16)

Proof.

PR = (4T — Qi) (T2 — GT;5T0)
= TitTruljrlls
— QU t Tl sl r
— QU Tkt r T s

2
+ QXL Tj s Ty
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1
= Tt |:(5 —q | Tjulk,y, + LjrTrw| Lls

1
- qxi,t |:<§ - Q) xj,uxk,s + xj,sl‘k,u:| Xy

1
- qxi,u |:(E - C]) xj,txk,r + -rj,rxk,t:| -rl,s

1
+ q2flfi,u [(a - C]) ThtTk,s + in,sl’k,t] Ty

= TitLjrLkull,s
— 4Tt s ulir
— 4Ty XL tT s

2
+ q TiuZjsTktlr

1
+ (5 — q> TitTjulh Ty s

1
—q (5 - Q) TitLjulk,sTlr

1
—dq (5 - C_I) TiuljtLhrLls

5 (1
+q 5—(1 TiuTh Tk s Tl

=T rLi L1 sThku

— 4T sTi L] r Ly
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- qxj,rxi,uxl,smk,t
+ q2xj,s-ri,uxl,r~rk,t

1
+ P q) (@irxju — qTinTr) (T T — qTp,sT1r)

= TjrLl,sTitlku
— 4T sy X tLk
— 4Ty sTi Lkt

2
+ q TjsTlrLiulk,t
1
+ i (@310 — QT uThp) (T Tis — qTk 1)

- (xj,rxl,s - qxj,sxl,r)(xi,txk,u - qxi,uxk,t>

1
+ P q) (@irxju — qTiuTr) (T Tis — qTp,sT1r)

_ ¢hil gtk _ 4,9 ¢kl
- gr‘,s tu + (5 q t,ugr,s
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C.6 Quantum minor determinant relations associ-

ated with z; ;2;; where i < j <k <!

Proposition C.17. Given the quantum minor determinants &7 and kU where i <

T8

j<k<landr<s

. ':EZT :Cls

) )

Figure C.16: Relative positions of fﬁzg and ffé

then
i, ij 1 ik g LY i gy
Gkl = ity + (q — 5) ghel —q (q —~ 5) glerk (C17)

Proof.

éqlnzjs fjsl = (xi,’r‘l‘j,s - qxi,sxj,r) (xk,rxl,s - qu,sxl,r)

= TiyrLjslkrlls
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— 4Ty X5 5Tl 5T
— QT sTj LTl s

2
+ q TisjrLk,sllyr

= TirTrrl;slls
2
—q Ty Tk, sTjsTlr
2
— q T sTkrLjrLs

2
+qTis || q— 5 TpyrTjs + ThsTir| Tl

=TipTkrljslls
2
—q TijypTksTjslly
2
—q xi,sxk,rxj,rxl,s
q2£L' L sLirI]
T § T T s T Lty

(1-3)
+ q q— 5 Ti,sTkrLjsTir

= q2xk7r$i,rxl,sxj7s

1
- q2 |:<q - 5) Lkrlis + xk‘,sxi,r] L1rZjs

1
— qzl'k,r'xiys |:(q — 6) TirZj s + .1'175.Tj7r:|

4
+ q xk,sxi,sxl,rxj,r

175
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(o=3)
+ q q— 5 TrLi sTlrLj,s

2
=dq xk,rxi,rxl,sxj,s
2
—q Tp,sTir X rLjs

9 1
—q q— 5 LkyrLisLlrLijs

2

=4 T yXj sTlsTjr
4

+ q Th,sTislirXjyr

1
2
={q Tk, q— 5 TirZis + Li,sLir xj,s

3
—q xk,sxl,rxi,rxj,s
9 1
—dq q— a LrXlrLisljs

3
—q xk,r$l,sxi,sxj,r

4
+ q xk,sxl,rxi,sxj,r

2
=q TppXsTirLjs
3
—q Tp,sT1pLirLis
3
—q TpyXlslislyy

4
+ q xk,sxl,rxi,sa:j,r
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= q2 (xk,r*rl,s - qu,sml,r) (xi,rxj,s - qxi,sxj,r)

and by Lemma C.1

= (xk,rxl,s - qu,sxl,r) (:Ei,rxj,s - qmi,sxj,r)

1
+ | q— p (TigThs — QTisThr) (TjrT1s — qTjsT1)

1
—qg\q— 5 (xi,rxhs - qxi,sxlm) (Ijmxk,s - qxj,sxk,r)

k,l ¢#1,5
r,851,5

1 . X
N (q - —) gikel!
q

1N
—q <q — —) Lk
q
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Lemma C.1.

FELET = &ie + (q — ) ghel —q (q - 5) glerk

1
q

where 1 < j <k <landr <s

Proof.

(@ = 1) €56l = (0" = 1) (@hore = qurstre) (Tir2js = GT1075,)

— (C]2 — 1) Lyl slirdijs

—q(¢® = 1) 2, 55,
_ q (q2 — 1) mk7sxl,’r‘$i77'xjvs

2 2
+ ¢ (¢° = 1) Tp sy, 05,

1
=q (q - a) LrLlslirkjs

9 1
—q q—— xk,rxl,sxi,sxj,r

q

9 1
—q q— 5 L,sTlrLirdijs

G
+ q q— 5 Lk, sLirLs sy

1 1
=4q (q - _) Le,r |:<_ - Q) X s r + CBz‘,1ﬂxl,$:| Tj,s
q q

1
—q (q - _) LprLisLl,sTjr
q

178
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1
—q (q - _) Tk, sTirLlrLijs
q

o=3)
+ q q— ; L,sLi sLlrLjr

1

= (q B _) (_ - ) Lh,rLi,sTlrLs,s
q

( ) xk r& Txl SxJ»

QIH »er—t

( TrLisLl,sTjr

G

+ C]3 (C] - C]) L,sLi sl rLjr

Lk, sTirllrLijs

- q) TjsTkrXjsLir

|

w0
8

o~

»

1
8
=
3
8
S

) ) ) )

+
| —
N
[t
|
|
N——— —
I

8
S
w
>
%

) )

_|_
L)

|
N
/"\/?\/—\
|
QI Q= Q=

<
|

T4 slk,sLjrLl

N—— N

1 1
= —\q— = | TipTpyTjslls
q q

1
—dq (q - _) LisTirLjrls
q

1
[(5 - Q> xj,sajl,r + xj,rxl,s:|

1
|:<5 —q | TisTkyr + TirLk,s xj,sxl,r
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1 1
—q\q— = — = q ) T 5T LT
q q

1
—q (q - _) LirLk,sLjsLlr
q

1
+q (q - 5) Li,sTh,sLjrLir

1
= (q _5 xi,rxk,sxj,rxl,s

1
—q (q - a) xi,ra:k:,sxj,sxl,r

1
—dq (q - 5) L sTlrljrXls

o-3)
+q q— 6 L sTlrLj sl r

1
- (q - 5 TjrTk,sLjrLs

9 1
—q q— & Li,sLkrLj,sTr

1
(q - _) LirLkrLjslis
q
1 1
—q\q9—= — =4 ) Ty sTkrXjsTly
q q

1
+q (q - 5) L slk,sLjrLlyr

+

Q| =

1
= q— 5 (xi,rxk,s - qxi,sxk,r) (xj,rxl,s - qxj,sxl,r)
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1
+ (q - 5) LirZTlrljslls

1
q
(-2)
—|\q— - xi,rxk,sxj,rxl,s
q

q— g) LisTkrXjslir

1
=+ q (q - 5) xi,sxk,sxj,rxl,r

1

= (q - 5) (xi,rxk,s - qxi,sxk,r) (xj,rxl,s - qxj,sxl,r)

+ q— ) TigrThrXl,sTjs

q— ) L sllrLlrLijs

+ q (q - a) xi,sxk,szl,rxj,r

1
= (q - 5) (xi,rxk,s - qxi,sxk’,r) (xj,rxl,s - qxj,sxl,r)

1
+ (q - 5) TiypLkrLl,sLj,s

1 1
—\q9—= q— = | TirTksTirLjs
q q
(=3)
—\q9—= xi,rxk,sxl,sxj,r
q

1
(q ) Tir Tl s Kq — a) LlrLyjs + Jiz,s%',r}
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1
- (q - 5 LjsThrLlrLjs

(1-3)
+ q q— ; Li,sLk,sLlrLjr

1
= <q - 5) (xi,rxk,s - qxi,sxk,r) (xj,rxl,s - qxj,sxl,r)

( ) K(] - —) TlrTh,s T TisThy | Tis
—\q9— = TirZlrTk,sTj s
q
q— — ) TigpZl,sTksTijr

+ q2 (q - 6) xi,sxl,rl‘k,sxj,r

+la-
—4q

—q\q— ) LijsT)rLprLjs

1
= (q - 5) (xi,rwk,s - qxi,sxk’,r) (xj,rxl,s - qxj,sxl,r)

1
+ (q - _> xi,rxl,sxk,rxj,s
q
1
—q\q9— - xi,rxl,sxk,sxj,r
q

1
—dq (q - a) TisTlrLirljs

9 1
+ q q— a Ii,sxl,rxk,sxj,r
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1
== (TirTh,s = Qi T ) (TjrTis — qTj,5T00)

1
+ (q - _> Lir Ll sk rLjs
q
1
—q\q— = | TirZlsTksTjyr
q

1
—(q (q - _) xi,sxl,rxk,’r‘xj,s
q

1GH
+ q q— a xi,sxl,rxk,sxj,r

1

= (q - 5) (xi,rxk,s - qxi,sxk,r) (mj,rxl,s - qxj,sml,r)

1
+ q— 5 (xi,rxl,s - qxi,sxl,T>(xk,rIj,s - q‘xk,s'rjm)

1

- <q - a) ('Ti,rxk,s - qxi,sxk,r) ('rj,rxl,s - qxj,s'rl,r)

1
—q\1q9— 5 (xi,rxl,s - qxi,sxl,r)(xj,rxkz,s - qxj,sxk,r)

1 ) . 1 .
_ (q - —) gheil g (q - —) il g
q q
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184

Proposition C.18. Given the quantum minor determinants f};g and ffli where 1 <

j<k<landr<s<t<u

then

Proof.

i?j k;’l
r,sSt,u

Figure C.17: Relative positions of &)

g ekl kil B i,k ¢35l _ i,k ¢,
é—r,s tu — t,ugr,s + 149 5 fr,s tu +149 5 t,ué—r,s

N 1
—q (q— —) DLt — g (q— —)
q q

. xlﬂ"

,I‘l,S

,I'k’u

Lyt Lju
. xk,t P
xl,t PR

:L'Lu

= (l’i,r‘rj,s - qxi,smj}r) (m/atxl,u - q$k,uxl,t)

=Ty Ljslktllu

and Sf’; é

i, ¢,k
r,sSt,u

(C.19)
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— 4T, X5 s Tyt
— 4T sTjr Tkt Ll

2
+ q TisljrLlkullt

1
= T {(C] - 6 Tk sTijt + T tljs| Tl

1

— 4Ty |:<q - 6) xk,sxj,u + xk,uxj,s‘| Tyt
1

— 4T q— 5 Lkrljt + LT tljr| Ll

1
+ q2xi,s |:(q - 5) TkrZja + xk,uxj,rj| Tt

1
= (q _5 TjyrLk,sTjtLlu

1
—q (q - ;) LirTk,sTjullt

1
—q (q - a) Ti,sTkrXitliny

9 1
+q | q— 5 Ti,sThrLjullt

+ xi,rxk,txj,sxl,u
- qzi,?“xk,uxj,sxl,t
— 4T sTptLjrLl

2
+ q TisTiuljrlt
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1
= |q— p (@i Thys — Q3T ) (T2 T10 — 4T5uT1t)

+ Lir Tty sl
— QT r Tl st
- qxi,sxk,txj,rxl,u

2
+ Q7T s T T

1
= (q - 5) (xi,rxk,s - qxi,sxk,r)(wj,txl,u - qxj,uwl,t)

1 1
+ |:<q - _> TitLlk,r + xk,txi,’r:| |:(q - g) Tjulls + xl,uxj,s:|
1
q— — | Viulkr + Tk ulir q— E TjtZls + TitLj s
1
q— TitLk,s + g tLis q— 5 xj,uxl,r + xl,uxj,r
9 1
+ q q— — | Tiulks + Lkuli,s q— 5 Lty + L1tXgr

1
= |q— 5 (wi,rxk,s - qxi,sxkﬂ")<xj’t‘rl’u B qxj,uxl,t)

+ T tlirXlliulys
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T T Ty Tt s
— QT T4 sT Ly r

2
+ q ThulisTltlsjr

1
+ (q - 5) Tt Tir Tjull,s
1
—q\q— — | Peulirljtlls
q
1
—q\q-— E Tptlisljully

9 1
+ q q— 5 LkulisljtLlr

1
+ (q - _> TitLkrLlulj,s
q
1
—q\q9— = | ViulkrZitljs
q
1
—q\q— a Titlk,sTluliyr

9 1
+q | q— 5 TiuTh,sT1tLjr

1 2
+ (q — 5) TitThrTjulls

1 2
—dq (q - E) Liull,rLjtdl s

1 2
—q (q - 5) TitLk,sLjull,r

2
9 1
+ q (q - 5) Tiulk,sLjtL]r

187



APPENDIX C. Relations of Quantum 2-Minor Determinants

(

1
q__
q

> (xi,rl’k,s - qxi,sxk,rxxj,txl,u - qxj,uxl,t)

1
+ Tkt |:<q - _> xz,uxl,r + xl,uxi,r:| xj,s
— Tk |:<q - _> Tty r + xl,tmi,r:| Tjs
- qu,t |:<q ) X uxl ] + Xy uajz s:| xj,r

2
+ q Tr (q - —) TitTys + $l,txi,s:| Xy

1
+ (q — 5) Tl t i Tjull s
1
—q\q-— E LThulirdjtd] s

1
—q (q - 5) Tptlisljullyr

+q2(q
+(q—
q

1
—q (q - E) TiulkrLily,s

1
—q (q - a) Titlk,sTiulyr

+q° <q

1
- a LleulisjtLlr

1
— | LitlkrLiulys

1
- 5 Liull,sTltLjr
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1 2
+ (q - 5) TitLkrLjull s
1 2
—q (q - 5) TiulkrLjtls
1 2
—q (q - 5) TitLk,sLjullr

2
9 1
+4q (q — a) TiuTh,sTj Ll

1
= (q — 5) (TirThs — QT3 5Tk ) (L4210 — qTjuT1)

+ xk,txl,uxi,rxj,s
— T Tt T T s
— Tt T T s T

2
+ q Teulltlisjyr

1
+ (q - 5) LEtLiullrLys
1
—q\q— 5 ThulitllrLys

1
—q (q - 5) TptLiull,sTjr

9 1
+q q— 5 LTl ulitll sjr
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1
+ (q - _> TptLirLjull,s
q
1
—q\q—- 5 LpulirXjtls

1
—q (q - a) L tLi,sTjullr

9 1
+ q q— a TkulisijtLlr

1
+ (q - 5) TitThrTlulis

1
—q (q - 5) TiulkrXitlj s

1
—dq (q - 5) TitThk,sTluljr

9 1
+q q— 5 Liull,sTltLjr

1\ 2

+ (q - 5) Ttk rTjull,s
1\ 2

—q (q - a) TiuLk,rLjtlls
1\ 2

—q <q - a) xi,txk,sxj,uwl,r

2
9 1
+ q (q - 5) LiuLl,sTjtL]

= (xk,txl,u - qu;,uxl,t> (xi,rIj,s - qxi,sxj,r)

1
+ q— 5 (xi,rxk,s - qxi,sxk,r)<xj,t$l,u - qxj,uxl,t)
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1
+1q— 5 (:Ek,tmi,u - qu,uxi,t) (xl,rxj,s - qml,sxj,r)

1
+ (q - _> TptLirLjull,s
q
1
—q\q— 5 LpulirXjtL s

1
—q (q - a) LtLi,sTjullr

9 1
+ q q— 5 LTkulisijtLlr

1
+ (q - 5) xi,txk,rxl,ua:j,s
1
—q\19— 5 TiullrXitlj s

1
—dq (q - 5) TitThk,sTluljr

9 1
+ q q— 5 LTiuLk,sLltLj,r

1 2
+ (q - 5) Ti Tk L5 0Tl s
1 2
—q (q - a) TiuLk,rLjtlls

1 2
—dq (q - a) mi,txk,sxj,uxl,r

2
9 1
+4q (CI — 5) TiuTh,sTj Tl
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= ($k,t$l,u - (I%/wffz,t) (%r%‘,s - qfi,s%‘,r)
1
+1q— 5 (TirThys — QT4 sThor ) (Tj4T10 — QTjuTit)

1
—qlqg— 5 (%,tifk,u — (]%‘,uxk,t) (fl,rfﬂj,s - qxl,sxjﬁ)

- Q> Tiulk,r + xi,rxk,u:| Tt s

- Q> TitLk,s + xi,sxk,t‘| xj,uxl,r

1
|:(a —q | Tiulk,s + T, sTku xj,tfl,r

+ (q - 3) i {(q - 1) T1rThu +$luxkr:| Zjs

—Q(q——) %qu )xlrxkt+$ltxkr:| Tjs
—Q(q——) %t[(q )xlswku+xluxk’s:| Zjr
+q (q — —) Tin K(] - —) Ty sTht + xl,txk,s:| Tjr

1 2
+ (q - 5) Ti Tk L5 0T s
1 2
—q (q - a) T ulkrdjtlls

1 2
—dq <q - E) L tLk,sLjullr
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2
9 1
+q (C_I - 5) Liull,sTjtL] r

= (-’Ek,t$l,u - qﬂﬁk,uxz,t) (%‘,r%‘,s - C]%‘,s%‘,r)

1
+ q— 5 ('ri,rxk,s - qxi,sxk,r)<$j,txl,u - qxj,uxl,t)

1
—q\q— 5 (xi,txk,u - qxi,uxk,t) (xl,rxj,s - qxl,sxj,r)

1
+ (q - _> Tjr Tk tljull,s
q
1
—q\q— a TirThuljtlls

1
—q (q - a) TisThtLjull,r

9 1
+ q q— a L sTluljtLlr

1 1
Tl a—= ) 9= = | TitZ1,Thulys
q q
1 1
—q\1q9—— q— = | LiullrTrtljs
q q
1 1
—q\q9—- q— — ) TitZsThulyjyr
q q
9 1 1
T (q— =) |\ 9— = ) TiuZ1sThtZjyr
q q

1
+ (q - 5) Ti 4Tl uThrLis

1
—q (q - a) TiuwZitLrrlys
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1
—dq (q - 5) TitTlulk,sTjr

9 1
+q q— 5 Ll tLlk,sTjr

- (xk:,txl,u - qu,uxl,t) (xi,rxj,s - qxi,smj,r)

1
+1q— 5 (%,Mk,s - qxi,sﬂck,r)(%,txz,u - C]%‘,uﬂﬁl,t)

1
—ql|lq— 5 (.Tiﬂgxk’u - qxi,uxk,t) ('Ilﬂ"xjvs - (]-Tl,sxj,r)

1
+ (q - —) i Ty skt T
q
1
—q\q— a TirZl sThulijt

1
—dq <q - E) L sTlrLktlju

9 1
+ q q— 5 L sl rLhulijt

1 1
+ q— = qd— — | TitTraulirLjs
q q
1 1
—q\q— = q— = | TiulktTirTjs
q q
1 1
i N q— — ) TitTrullsTjyr
q q
(o0) (0)
T (== )| 4=~ ) TiuTh X1 sTjr
q q

1
+ (q - 5) TitTluTlhrTis
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1
—dq (q - 5) TiulltTk,rLjs

1
—q (q - 5) LitLlulk,sLj,r

9 1
+q | q— a TiuTtTh,sTj

= (Thaiu — qThure) (TipTjs — qT;sT50)

1
+q— p (@i T — QT Tk ) (T4 %10 — GT5uT1t)
1
—qlq— p (@i 1Tk — qTiuThy) (T1T)5 — qT1LTj )
1
+1q— p (@irrs — qTi sT1p) (TptTjn — qTkujt)

1 1
+ (q - —> <C] - 5) («'Eztxku - qxi,uxkz,t) (l‘l,r%’,s - qxz,sxj,r)

q

1
+ q— 5 (xi,txl,u - qmi,uml,t) (xk,rxj,s - qu,sxj,r)

- (xk:,txl,u - qu,uxl,t) (:Ei,rxj,s - qxi,smj,r)

1
+ q— 5 (xi,rzk,s - qxi,sxk,r)(l‘j,txl,u - qxj,uwl,t)

q

1
+1q— p (@irrs — Qi sT1) (TpaTjn — qTkujy)

1
+(q— p (T30 — qTiuTit) (ThpTjs — qQTh,sTjr)

= (xk,txl,u - qu:,uxl,t> (xz',rIj,s - qxz’,s%‘,r)

1
+ q— 5 (xi,rxk,s - qxi,sxk,r)<xj,t$l,u - qxj,uxl,t)

1 1
i p (TitThu — QTinTrt) (T1rTjs — QT sT5y)
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1
+ q— 5 (xi,txk,u - qxi,uxk,t) (xj,rxl,s - qmj,sl'l,r)
1
—q\q— 5 (xi,txl,u - Q%,uﬂ,t) (xj,rxhs - qxj,sxk,r)

1
—a\a— (%5021 — qTisT10) (Tj4Thu — GTjuThy)

. 1 o 1 .
ki, i,k ¢, i,k &5,
= Stu r,?s + (q - a) gr,’; g,u + (q - 5) t,ugqjgtls

1 il o~ 1 i i,k
—q <q - —) Wl —q (q - —) &l
q q
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Proposition C.19. Given the quantum minor determinants 527’{; and §ffsl where i <

j<k<landr<s<t<u

J}k’r xkﬁ xk,t Ik,'u,"'

Lir|e | Lpg|eer Xl «++ TLlqy -

) ) )

Figure C.18: Relative positions of fzft and fsl

then

Zifkl _ chlgig (C.20)

T, r,sSt,u

Proof.

0,7 ¢kl _
t,uSrs — (xi7t$j7U - qx@uxj,t) ($k77‘$l75 - qu7szl7r)
= Titljulkrlls
4Tt Lj Tk sTl,r

— QUi T j 1Tk T s

2
+ QXL Tl s Ty
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= TitlkrLjulls
— QU 4T sXjuLlr
- qxi,uxk,rxj,txl,s

2
+ Q7% T s Tj 1

=Tk LitL] sLja
— 4Tk sTitL]rLjq,
— qTk Tyl sTjt

2
+ Q@ Tk sTi 0 T1 7Ty

= Tk rLlsTitLju
— 4T s T rTitLja,
— 4Tk T sTiuLjt
2
+ q TisTlrLiulijt
= (ThrTrs — qTk sT1p) (TipTju — QTiuTiit)

kel ¢,
= 57”735;’[]1
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