CIRCUIT INTUITIONS

A Capacitor Analogy, Part 1

Welcome to the tenth article in the “Cir-
cuit Intuitions” column series. As the
title suggests, each article provides
insights and intuitions into circuit
design and analysis. These articles are
aimed at undergraduate students but
may serve the interests of other read-
ers as well. If you read this article, I
would appreciate your comments and
feedback, as well as your requests and
suggestions for future articles in this
series. Please e-mail your comments
to me at: ali@ece.utoronto.ca.

In electronics, we often use analogies
to better understand circuit concepts
and circuit behaviors. These analogies
help bring intangible concepts closer to
our understanding until we fully feel
at home with them, then we leave the
analogies behind. Yet whenever we are
encountered with a circuit component
in a new configuration, we may resort
back to analogies to see if we could
understand a similar configuration in
an analogous world. If we could, then
it is often easy to find a similar solution
to the original problem. In this article,
we provide an analogy for a capacitor
and see how far we could go with this
analogy in understanding and solving
capacitor circuits.

A capacitor stores charge similar to
a glass that stores water in the follow-
ing sense. The charge (Q) stored on a
capacitor is proportional to the volt-
age across the capacitor (V). Similarly,
the amount of water held in a glass of
water is proportional to the water
height if we assume a fully cylindri-
cal glass. The factor of proportional-
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ity in the capacitor is the capacitance

(C), and in the glass of water is the

cross-section area of the glass.
Figure 1 shows a ca-

pacitor next to a glass

of water. For this anal-

ogy to work, we need

In electronics,
we offen use

.
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Let us calculate the stored energy
in a capacitor charged to Vbop. We use
the circuit in Figure 2(a), which em-
ploys a PMOS transis-
tor to charge up the
capacitor from 0V to
Vop. If the gate voltage

to make some assump- analogies transitions from Vpp
tions. Let us assume fo better to zero at time zero,
both the water mass uvnderstand the transistor will turn

density (p) and the
gravity (g) are unity.
Then, the weight of
the water will be equal
in number to the vol-
ume of water. Let us denote by Q the
total water weight, by C the cross-
section area of the glass, and by V
the water height. Then we have a
one-to-one correspondence between
the capacitor and the glass. In both
cases, Q= CV. This equation tells us
that, for a fixed amount of charge, a
larger capacitor produces a smaller
voltage. This is similar to a glass
with a larger cross section, result-
ing in a lower water height when the
amount of water is fixed.

circuit concepts
and circuit
bhehaviors.

ON, allowing current to
flow from the power
supply (Vbp) to the
capacitor, gradually
charging the capacitor.
Initially, the transistor is in saturation,
creating a large current, but as times
go on and the voltage across the ca-
pacitor increases, the transistor will
move to the triode region, providing
less current, until the current stops
altogether when the capacitor is fully
charged to Vpp. The total energy stored
in the capacitor can be calculated by
integrating the instantaneous power
delivered to the capacitor. In other
words, the stored energy (Es) can be
found as

Capacitor Equation Glass
. I Capacitance (o Cross-Section Area
v )
v Water Voltage %4 Water Height
Height Charge Q(=CV) Water Weight*

- Stored Energy E=1/2 CV2 Potential Energy
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FIGURE 1: Charging a capacitor is analogous to filling up a glass with water. With water

weight (+), we have assumed unity water density (o) and gravity (g).
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Capacitor Equation Glass
Stored Energy £, = 1/2 cv2_ Stored Energy
(Electrical) B0 (Potential)
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FIGURE 2: In the process of charging a capacitor to Vo, we both store and waste (1/2) cv3,
of energy. This is similar to the process of filling up a glass with water.

(a) (b)

FIGURE 3: The water dropped initially into
the glass wastes all of its potential energy.
As the water height increases, the newly
added water keeps more of its potential
energy in the glass and wastes less.

T Vbp
Es= fivdt= [ Cvdv= %CVZDD.
0 0

Similarly, we can calculate the
energy wasted (Ew) in the transistor
in this process:

T
Ew= [i(Vop— v)dt
0
Vbp
= f C( Vop — V)dV
0

=L ovkn.
What is interesting about these re-
sults is that Es and Ew are equal,
and their values have nothing to do
with the transistor parameters. In
fact, even if we replace the transis-
tor with a simple resistor (linear or
nonlinear, small or large), we would
get the same results for the energy
stored and for the energy wasted.
Why is this the case? And why do we
have to waste an amount of energy
equal to the amount stored? Is this
a fundamental law of nature? Can
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we avoid this waste of energy? If so,
then how? I encourage you to pause
and think about these questions be-
fore continuing.

To answer these questions, let us
resort to our analogy and see if we
can draw any insight from it. Figure 2(b)
shows a glass of water being filled
with a water hose from the top (at the
height of Vpp). Initially, the glass is
empty, and eventually it will be full.
Once full, the potential energy stored
in the glass can be calculated as wa-
ter weight (CVpp) times its average
height (or equivalently the height of
its center of mass, which is Vpp/2),
resulting in the same equation as Es
shown above. Alternatively, as shown
in Figure 3, we could have arrived at
the same solution by simply integrat-
ing the incremental potential en-
ergy of many slabs of water, each of
weight CAV at a height V (from zero
to Vop). This approach would be very
similar to the one we used for the
capacitor. How about the energy lost
during this process? Note that as the
water is dropped from the water hose
(sitting at height Vpp) to find its new
height (say V), it loses a potential en-
ergy equal to CAV(VppV). Again, if
we integrate this loss of energy with
V changing from zero to Vpp, we will
get (1/2)CVp.

It is interesting to explore this
analogy further to see if what we said
earlier about charging the capacitor
is also true for the glass of water. For
one, the final potential energy stored
in the glass of water is independent of
how we fill the glass. In other words,
we could have used a hose with larger
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diameter or a smaller diameter; we
could have squeezed the hose and then
release it; we could have had a constant
current of water or a current that var-
ies over time or with the height of the
water in the glass! In all these cases, the
stored energy will be the same simply
because we have a glass full of water
at the end, and it will have the same
stored potential energy.

How about the energy wasted?
Where does the lost energy go to? You
can imagine as we drop a slab of water
(CAV)from a height of Vpp, its poten-
tial energy will turn into kinetic ener-
gy and cause a splash in the glass. The
kinetic energy that manifests itself as
splashes will eventually turn to heat,
warming the water and the glass. How-
ever, we note that there will be a larger
splash when the glass is completely
empty and less splash when the glass
is almost full. In other words, the water
poured initially contributes more to
the splash (loss) and less to the stored
energy (as it is placed at the bottom of
the glass), whereas the water poured
toward the end contributes more to
the energy stored (as it is placed close
to the top of the glass) and less to the
energy wasted.

Can we use this analogy to come up
with a method of charging the capaci-
tor that results in less waste? We said
the waste in potential energy manifests
itself in kinetic energy or water splash.
How could we fill a glass with a water
hose and not cause any splash? A bar-
tender would tell you that you need
to initially bring the hose close to the
bottom of the glass and then gently
pull it upward as you fill the glass! You
can imagine that this will result in less
splash in the water and, hence, in less
waste of energy!

To charge the capacitor through
a series resistor that is connected to
the power supply yet without wasting
energy, we should gradually increase
our power supply voltage from zero to
Vbp, instead of raising it from zero to
Vop in one step. As a simple exercise,
imagine we increase our power sup-
ply voltage from zero to Vpp in two
steps: In the first step, we raise it from

(continued on p. 91)
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struggle to learn a new
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that ‘ah ha’ moment,
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to the beach in Texas with five other
families of close college friends. They
spend a week building sand sculptures
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on the beach.

“It’s surprising what happens when
you get lots of engineers working on
sand castles,” she says.
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zero to Vpp/2, and we keep it at this
level until the capacitor is charged
to Von/2. Then we raise it further to
Vop in the second step. In this way,
the total energy stored at the end of
the second step would be the same
as before, but the total energy wasted
becomes (1/4) CV3p, which is half of
the total energy stored. If we ramp the
power supply in N steps instead, the
total energy stored will be the same
as before but the total energy wasted
becomes 1/N of (1/2)CV3p. If we
assume it takes 5RC to charge the
capacitor when the power supply is
set to Vpp in one step, then it will take

5NRC when we ramp the power sup-
ply in N steps. As we increase N, the
wasted energy will approach zero but
the time it takes to charge the capaci-
tor will approach infinity.

In closing, it should be mentioned
that, like any analogy, this one is not
without limitations. For example, this
analogy is only valid if we assume one
side of the capacitor is grounded or
tied to a fixed voltage. This is because
we assume the bottom of a glass sits
on the ground or at a fixed height.
Also, unlike an ideal capacitor, which is
a loss-less lumped element, the glass
is a distributed component with both
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lossless and lossy components. The
glass walls, for example, absorb some
of the water’s kinetic energy, acting
similar to a series resistance in the
RC circuit. In other words, the glass
would be a better analogy for a series
RC circuit than for an ideal capacitor.
To summarize, analogies are power-
ful tools in the early stages of under-
standing of less tangible concepts. We
described one analogy for capacitors in
this article in an attempt to make them
as tangible, and enjoyable, as a glass of
water. We will further explore this anal-
ogy in the next article in this series.
Jsscj
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